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ABSTRACT
Development of formal proofs of correctness of programs can
increase actual and perceived reliability and facilitate better un-
derstanding of program specifications and their underlying as-
sumptions. Tools supporting such development have been available
for over 40 years, but have only recently seen wide practical use.
Projects based on construction of machine-checked formal proofs
are now reaching an unprecedented scale, comparable to large soft-
ware projects, which leads to new challenges in proof development
and maintenance. Despite its increasing importance, the field of
proof engineering is seldom considered in its own right; related
theories, techniques, and tools span many fields and venues. This
survey of the literature presents a holistic understanding of proof
engineering for program correctness, covering impact in practice,
foundations, proof automation, proof organization, and practical
proof development.
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1
Introduction

A formal proof of program correctness can show that for all possible
inputs, the program behaves as expected. This theoretical guarantee can
provide practical benefits. For example, the formally verified optimizing
C compiler CompCert (Leroy, 2006) is empirically more reliable than
GCC and LLVM: the test generation tool Csmith (Yang et al., 2011)
found 79 bugs in GCC and 202 bugs in LLVM, but was unable to find
any bugs in the verified parts of CompCert.

Methodologies for developing proofs of program correctness are as
old as the proofs themselves (Turing, 1949; Floyd, 1967; Hoare, 1971).
These proofs were on paper and of simple programs; tools to support
their development followed soon after (Milner, 1972) and have continued
to evolve for over 40 years (Bjørner and Havelund, 2014). Projects based
on construction of formal, machine-checked proofs using these tools are
now reaching a scale comparable to that of large software engineering
projects. For example, the initial correctness proofs for an operating
system kernel took around 20 person years to develop (Klein et al.,
2009), and as of 2014 consisted of 480,000 lines of specifications and
proof scripts (Klein et al., 2014).

2
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1.1. Challenges at Scale 3

This survey covers the timeline and research literature concerning
proof development for program verification, including theories, lan-
guages, and tools. It emphasizes challenges and breakthroughs at each
stage in history and highlights challenges that are currently present due
to the increasing scale of proof developments.

1.1 Challenges at Scale

Scaling up leads to new challenges and additional demand for tool
support in proof development and maintenance. For example, users
may have to reformulate properties to facilitate library reuse (Hales
et al., 2017), or to encode data structures in specific ways to aid in
automation of proofs about them (Gonthier, 2008). Proof development
environments need to allow users to efficiently write, check, and share
proofs (Faithfull et al., 2018); proof libraries need to allow easy search
and seamless integration of results into local developments (Gauthier
and Kaliszyk, 2015). Evolving projects face the possibility of previous
proofs breaking due to seemingly unrelated changes, justifying design
principles (Woos et al., 2016) as well as support for quick error detection
(Celik et al., 2017) and repair (Ringer et al., 2018).

The research community has answered these challenges with theories,
techniques, and tools for proofs of program correctness that scale—all
of which fall under the umbrella of proof engineering, or software en-
gineering for proofs. Many of these techniques draw inspiration from
work in software engineering on large-scale development practices and
tools (Klein, 2014). However, even with close conceptual ties between
construction of programs and proofs, research in software engineering
requires careful translation to the world of formal proofs. For exam-
ple, proof engineers can benefit from regression testing techniques by
considering lemmas and their proofs in place of tests, as in regression
proving (Celik et al., 2017); yet, the standard metric used to prioritize
regression tests—statement coverage—has no clear analogue for lemmas
with complex conditions and quantification.

This survey serves to gather these theories, techniques, and tools into
a single place, drawing parallels to software engineering, and pointing
out challenges that are especially pronounced in proof development.

Full text available at: http://dx.doi.org/10.1561/2500000045 



4 Introduction

It discusses the problems engineers encounter when verifying large
systems, existing solutions to these problems, and future opportunities
for research to address underserved problems.

1.2 Scope: Domain and Literature

We consider proof engineering research in the context of interactive
theorem provers (ITPs) or proof assistants (used interchangeably with
ITPs in this survey) that satisfy the de Bruijn criterion (Barendregt and
Barendsen, 2002; Barendregt and Wiedijk, 2005), which requires that
they produce proof objects that a small proof-checking kernel can verify;
the general workflow of such tools is illustrated in Figure 1.1. That is,
we consider proof assistants such as Coq (Coq Development Team, 1989-
2019), Isabelle/HOL (Isabelle Development Team, 1994-2019), HOL
Light (HOL Light Development Team, 1996-2019), and Agda (Agda
Development Team, 2007-2019); we do not consider program verifiers,
theorem provers, and constraint solvers such as Dafny (Leino, 2010),
ACL2 (ACL2 Development Team, 1990-2019), and Z3 (Z3 Development
Team, 2008-2019) except when contributions carry over. We focus on
proof engineering for software verification, but consider contributions
from mathematics and other domains when relevant.

Sometimes, the key design principles in engineering a large program
verification effort are not the focus of the most well-known publications
on the effort. Instead, they can be in less standard references such as
workshop papers (Komendantskaya et al., 2012; Paulson and Blanchette,
2012; Pit-Claudel and Courtieu, 2016; Mulhern, 2006), invited talks
(Wenzel, 2017a), blog posts (Verified cryptography for Firefox 57 n.d.),
and online documents (Leroy, 2017; Wenzel, 2017b). One purpose of this
survey is to bring such design principles front-and-center. Naturally, we
shall aim to survey the relevant literature with our best effort to provide
accurate and thorough citations. To that end, we will not hesitate to
cite both traditional research papers in well-known venues and relevant
discussions in less traditional forms, without further distinction among
them.

Full text available at: http://dx.doi.org/10.1561/2500000045 



1.3. Overview 5

1.3 Overview

user logic engine proof checker

proof assistanttactics

subgoals

proof

Figure 1.1: Typical proof assistant workflow, adapted from Geuvers (2009).

After motivating chapters (Chapters 2 and 3), this survey discusses
the history and foundations of proof assistants (Chapter 4). It then
surveys proof engineering research under three headings: languages and
automation (Chapter 5), proof organization and scalability (Chapter 6),
and practical proof development and evolution (Chapter 7). At a glance,
Chapter 5 concerns proof automation approaches and languages, Chap-
ter 6 concerns methods to express and organize programs and proofs,
and Chapter 7 concerns development processes and tools. Each of these
three chapters is divided into sections; each section surveys a more gran-
ular area of proof engineering research, then concludes with a discussion
of opportunities for future work within that area when applicable. The
survey concludes (Chapter 8) with a discussion of opportunities for
future work within proof engineering more broadly. In the case of factual
errors, an errata may be found on https://proofengineering.org.

1.4 Reading Guide

This survey aims to reach a broad audience of researchers, proof engi-
neers, and community members who are interested in understanding,
using, or contributing to proof engineering research. Readers need not
be deterred for lack of background knowledge. It is not always necessary
to understand previous chapters in order to understand later chapters;
readers should feel free to skip sections or chapters, or to consult later
chapters or cited resources for more information. This guide lists topics
with which basic familiarity is helpful in order to get the most out of
the referenced chapters (all chapters unless otherwise specified), along
with resources (cited next to � icons) for the interested reader:

Full text available at: http://dx.doi.org/10.1561/2500000045 
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6 Introduction

• Programming languages, type systems, and metatheory� (Pierce,
2002; Harper, 2016), including:

– ITPs � (Geuvers, 2009; Harrison et al., 2014), especially:
∗ Coq � (Chlipala, 2013a; Pierce et al., 2014; Bertot and
Casteran, 2004)

∗ Isabelle/HOL� (Wenzel et al., 2004; Nipkow and Klein,
2014)

– Automated reasoning � (Bradley and Manna, 2007; Kroen-
ing and Strichman, 2008) (Chapters 3 and 5)

– The Curry-Howard correspondence� (Pfenning, 2010; Søren-
sen and Urzyczyn, 2006)

– Dependent and inductive types � (Chlipala, 2013a)
– Equality � (Chlipala, 2013a; nLab authors, 2019a) (Chap-

ters 3 and 4)
– Compilers � (Cooper and Torczon, 2011) (Chapters 3, 4,

and 6)

• Software engineering � (Shaw et al., 2015)

• Systems � (Anderson and Dahlin, 2014; Cachin et al., 2011)
(Chapters 3 and 6)

• Formalized mathematics � (American Mathematical Society,
2008; nLab authors, 2019b) (Chapter 3)
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