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ABSTRACT

The approximate degree of a Boolean function f captures
how well f can be approximated pointwise by low-degree
polynomials. This monograph surveys what is known about
approximate degree and illustrates its applications in theo-
retical computer science.

A particular focus of the survey is a method of proving
lower bounds via objects called dual polynomials. These
represent a reformulation of approximate degree using linear
programming duality. We discuss in detail a recent, powerful
technique for constructing dual polynomials, called “dual
block composition”.
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1

Introduction

The ability (or inability) to represent or approximate Boolean functions
by polynomials is a central concept in complexity theory, underlying
interactive and probabilistically checkable proof systems, circuit lower
bounds, quantum complexity theory, and more. In this monograph,
we survey what is known about a particularly natural notion of ap-
proximation by polynomials, capturing pointwise approximation over
the real numbers. The e-approximate degree of a Boolean function
fi{=1,1}" = {=1,1}, denoted deg_(f), is the least total degree of a
real polynomial p : {—1,1}" — R such that

|f(z) —p(x)| < e forall z e {-1,1}". (1.1)

By total degree of p, we refer to the maximum sum of the degrees of
all variables appearing in any monomial. For example, p(z1, z2,x3) =
r3x9w3 + 1173 has total degree 5.

Every Boolean function is approximated to error ¢ = 1 by the
constant 0 function, implying that aérgl( f) =0 for all such f. However,
whenever ¢ is strictly less than 1, (/igéa( f) is a fascinating notion with a

rich theory and applications throughout theoretical computer science.



Full text available at: http://dx.doi.org/10.1561/0400000107

Applications of approximate degree lower bounds. The study of
approximate degree is itself a “proto-complexity theory” [2], with point-
wise approximation by real polynomials serving as a rudimentary model
of computation, and degree acting as a measure of complexity. Moreover,
when f has large (say, n®*(1)) approximate degree, it is also hard to
compute in a variety of other computational models. Different mod-
els correspond to different settings of the error parameter ¢ with two
regimes of particular interest. First, if dAe—él s3(f) is large, then f cannot
be efficiently evaluated by bounded-error quantum query algorithms
[16].! This connection is often referred to as the “polynomial method in
quantum computing.”

Second, if aevgs(f) is large for every € < 1, then f is difficult to
compute by unbounded-error randomized (or quantum) query algorithms
(see, e.g., [56, Lemma 6]). These are randomized algorithms that are only
required to do slightly better than random guessing, and correspond
to the complexity class PP (short for probabilistic polynomial time)
defined by Gill [63]. This connection has been used to answer long-
standing questions in relativized complexity, e.g., in studying the power
of statistical zero-knowledge proofs (Section 7.2), and in communication
complexity (Section 10). Approximability of f in this error regime,
wherein the error ¢ is allowed to be arbitrarily close to (but strictly less
than) 1,2 is captured by a notion termed threshold degree and denoted

deg, (f).

Applications of approximate degree upper bounds. As just discussed,
lower bounds on (Te\zég( f) imply hardness results for computing f. There
are also many applications of upper bounds on &E’ga( f), typically in the
design of fast algorithms in areas such as learning theory [71], [75] (see
Section 11.2) and differential privacy [51], [127].

'The choice of constant 1/3 is made for aesthetic reasons. Replacing ¢ = 1/3
with any other constant in (0,1) changes the e-approximate degree of f by at most
a constant factor.

2Approximate degree is a meaningful notion even for error parameters e that
are doubly-exponentially close to 1. In particular, for any degree bound d, there are
known Boolean functions that can be approximated by degree-d polynomials to error

1— 27" but not to smaller error (48], [98], [99].
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4 Introduction

In addition to algorithmic applications, approximate degree upper
bounds have also been used to prove complexity lower bounds. Here is
an illustrative example. Suppose one shows that every circuit over n-bit
inputs in a class C can be approximated to error € < 1 by a polynomial
of degree o(n). We know that simple functions f such as Majority
and Parity require approximate degree £2(n), and therefore cannot be
computed by circuits in C. In fact, if ¢ = 1/3, then one can even conclude
that C is not powerful enough to compute these functions on average,
meaning that for every circuit C' € C, we have Pr, (_1}»[C(z) =
flx)] <1/2+ ﬁ [43], [125]. This principle underlies several state-
of-the-art lower bounds for frontier problems in circuit complexity
(Section 11.3).

Goals of this survey. This survey covers recent progress on proving
approximate degree lower and upper bounds and describes some appli-
cations of the new bounds to oracle separations, quantum query and
communication complexity, and circuit complexity. On the lower bounds
side, progress has followed from an approach called the method of dual
polynomials, which seeks to prove approximate degree lower bounds by
constructing solutions to (the dual of) a certain linear program that
captures the approximate degree of any function. This survey explains
how several of these advances have been unlocked by a particularly
simple and elegant technique—called dual block composition—for con-
structing solutions to this dual linear program. We also provide concise
coverage of even more recent lower bound technique based on a new
complexity measure called spectral sensitivity.

On the upper bounds side, recent explicit constructions of approxi-
mating polynomials have been inspired by quantum query algorithms.
These constructions also involve new techniques that first express the
approximations as sums of exponentially many high-degree terms, and
then replace each term with a low-degree approximation that is accurate
to exponentially small error.

Roadmap and suggestions for reading the survey. After covering
preliminaries (Section 2), we begin in Sections 3 and 4 by covering
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approximate degree upper bounds, i.e., techniques for constructing low-
degree approximations to Boolean functions. We then turn to lower
bound techniques, starting with the simpler and older technique of
symmetrization (Section 5) before turning to the method of dual poly-
nomials (Section 6). The next two sections provide progressively more
sophisticated developments of this technique, with Section 7 introducing
dual block composition as a technique for lower bounding the approxi-
mate degree of block-composed functions, and Section 8 moving beyond
block-composed functions. Section 9 covers approximate degree lower
bounds via spectral sensitivity.

The survey then turns to applications of approximate degree upper
and lower bounds. Section 10 covers (a variant of) the so-called pattern
matrix method for translating approximate degree lower bounds into
approximate-rank and communication lower bounds. Section 11 covers
assorted additional applications of both upper and lower bounds on
approximate degree.

We have primarily organized the survey by technique. For example,
all upper bounds that we cover appear in Sections 3 and 4, with the
exception of the approximate degree upper bound for a function called
Surjectivity that appears in Section 8.1. This organization maximizes
technical and conceptual continuity, but does have some downsides.
The results are not covered in increasing order of difficulty, e.g., the
easiest lower bounds come after the most challenging upper bounds. It
also means that for any specific function or class of functions, the tight
upper and lower bounds appear in different parts of the survey.

Readers may wish to skip some of the more technical results that we
cover on a first reading. Prominent examples include the upper bound
for a function called Element Distinctness in Section 4.4, the proof
of Theorem 7.7 in Section 7.2 on a state-of-the-art lower bound for
block-composed functions, the entirety of Section 8.5 on lower bounds
for problems called Collision and Permutation Testing, and the proof
of Theorem 10.23 in Section 10.5, which constructs a dual witness for
the high threshold-degree of an AC? function with certain “smoothness”
properties that are important for applications in communication- and
circuit-complexity.
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