Appendix for Communication in Collective
Bargaining

Jidong Chen*

This Appendix supplements Communication in Collective Bargaining. We first charac-
terize setter’s belief updating and choice of the revised proposal. Specifically, we present
Lemma 1 and a proof for Lemma 2. Second, we present the proofs for the results regarding
the comparison between straw poll and binding referendum, i.e., Proposition 1, Proposition
2 and Corollary 1. We also formalize the expressions of the pay-off gain functions and restate
equilibrium conditions accordingly. Third, we present proofs regarding necessary conditions
and existence of equilibrium in straw poll, i.e., Proposition 4, Proposition 5, Proposition 7

and Proposition 8.

Setter’s Belief Updating and Choice of the Revised Proposal

Suppose that the voters use the cut-point k& € (0,9] in the first period. Upon y positive
votes, the setter knows that those y voters’ ideal points are weakly higher than £, and the
other (n — y) voters’s ideal points are less than k. From the setter’s perspective, the ideal
point of a voter who casts a positive vote follows the conditional cumulative distribution
ﬁ(t; k) £ Pr(6; < t | 6; > k); and the ideal point of a voter who casts a negative vote
follows the conditional cumulative distribution F(t;k) £ Pr(6; < t ] 6; < k). Upon y < ¢
positive endorsements, the revised proposal by gets approved if and only if the (n — g+ 1) th
smallest ideal point among the (n — y) ideal points 0; |g,<x prefers it to the status quo. Let

ﬁn,ym,qﬂ(t; k) denote the cumulative distribution function of this order-statistic random
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variable. Upon y > ¢ positive votes, the revised proposal gets accepted if and only if the
(y—q+1) th smallest ideal point among the y ideal points 6; |,>x prefers it to the status quo.
Let ﬁy,y_qﬂ(t; k) denote the cumulative distribution function of this order-statistic random

variable. For convenience, let’s define

fn_ negr1(t; k) ify <
Q(tly; k) 2 sentik) iy <q (A1)

F\y7y—q+1<t§ k) ify>q

The setter uses her perception of the voters’ cut-point to form her updated belief about
the probability with which her revised proposal gets accepted. Specifically, upon receiving y
positive votes, the revised proposal by is collectively accepted with probability 1—Q(%b2 ly; k).

With this belief, we can formally derive the setter’s best response to the voters’ cut-point &

given y positive votes

5y k) 2 axgmax{1 — by K)ua(b) + Aoy Kyua (0). (A2)

b€(0,d]

Notice that [1—Q(3bly; k)]ua(b) + Q(3ly; k)ua(0) = [1 = Q(30]y; k)][ua(b) — ua(0)] +ua(0).
We then have

5y k) = axg max{1 — A3 balys KJia (), (43
b2€10,0]
where
Ua(bs) = Ya(0a — b)) — a(0a).! (A4)

We can verify that w(+) is strictly increasing and weakly concave on [0, 0,4] and satisfies
the condition w4(0) = 0. We characterize how [(y; k) is determined in Lemma 1, leaving

the proof in the Supplementary Appendix. We then characterize some properties of 3(y; k)

LTt is a strictly dominated choice for the setter to propose any policy strictly higher than her own ideal.
Suppose by > 0,4. If Q(%bg|y;k) < 1, then proposing 64 not only increases the chance of approvement,
but also increases the payoff of the setter when the proposal is accepted. If, however, Q(%b2|y; k) =1,
the setter ends up with the status quo for sure and receives u4(0). By proposing any policy x such that
Q(%m|y, k) < 1, the setter can strictly increase her expected payoff. Thus, without loss of generality, we
can focus on a smaller set [0,64] to pin down the revised proposal. Therefore, the setter’s utility function
can be written without the notation of absolute value, i.e., ua(ba) = ¥4 (04 — b2).
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in Lemma 2.

Lemma 1 (Full Characterization of the Second-Period Proposal) Suppose k is the cut-point
that the setter believes that voters use, and y is the number of positive votes. The second-

period proposal B(y; k) is characterized as follows:

(1) fory < q—1, B(y; k) € (0,min{2k,04}) and B(y; k) is uniquely determined by

5 : (A5)

1_Fn yn+l— q( ﬁak) _ 1?714(5)
B 20,0)

f”—yvn‘i'l—(;((% ’
(2) fory = q,
(2.1) when %914 <k < 0, we have B(y; k) = 04; and

(2.2) when 0 < k < %HA, ify=q and k > E, where k < 304 is uniquely determined by

%l}a()k) = %Z'Ag/:;v we have B(y; k) = 2k; otherwise, we have B(y; k) € (2k,04), and 5(y; k)
A

15 uniquely determined by

L= Fyyqr1(38:k) _ 1ua(B) | A6
T (A5: ) 20, (B)’ (A6)

furthermore, we have hm Bly; k) = 04.
k—(304)~

Lemma 2 Suppose k is the cut-point that the setter believes that voters use, and y is the
number of positive votes. We have

(1) the revised proposal B(y; k) is single valued;?

(2) B(y; k) is increasing in the total positive votes y; when y < q or k < %9,4, Bly; k) is
strictly increasing in y; and

(3) B(y; k) is continuously differentiable (except for, at most, two points), continuous and

increasing in k.%

2 B(y; k) is well defined except for when k = @ (every voter casts a negative claim or vote) and y > 1 (the
setter sees some positive claims or votes). The proposals in these cases depend on the off-the-equilibrium-
path beliefs.

3When y < g — 1, B(y; k) is strictly increasing and continuously differentiable in k. When y > ¢ —1, B(y; k)
has, at most, two kinks. When k is between the two kinks, 5(y; k) is strictly increasing and continuously
differentiable in k; when k is outside of the interval bounded by the two kinks, 8(y; k) is constant within
each of the two intervals.
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Proof of Lemma 2.
1) The result is directly implied by Lemma 1.

(

(2) We prove the results with four steps.

(2.1) When y < ¢—1, we know that §(y; k) € (0, min{2k, 64}) and is uniquely determined
1

b 1ﬁn—y,n+1—q(%ﬂ;k) _ 13a(B)
Fa—yn+1-q(38:k) 2y (B)

the hazard rate function. It is a strictly decreasing function of 3, as shown in Lemma 4 of the

. The left-hand side of the first-order condition is the inverse of

Supplementary Appendix. The right-hand side of the first-order condition %%Eg;

, is a strictly

increasing function of 5 when g € [0,60,4]. Thus 8(y; k) is determined as the unique zero point

. . . 1_ﬁn7y,n+1fq<%6§k) - lﬁA(IB) l_ﬁnfy,nlefq(%B;k) .
of the strictly decreasing function Trom e (360 27,(8) Because Fvm e (150 is

strictly increasing in y by Lemma 4, as the parameter y in this decreasing function increases,

_F 15, ~
the value of the function ~F"_y’”+1_q1(26’k) — 1840 hecomes larger, so that the zero point
Tn—yn+1-q(58:k) 24 (B)

increases. Therefore, 5(y; k) should be strictly increasing in y whenever y < ¢ — 1. Because

Blq—1;k) < 2k < B(q; k), we know that B(y; k) is strictly increasing in y whenever y < g.

(2.2) When y > g and %QA < k < 0, it is obvious that 3(y; k) = 04.

(2.3) Now suppose y > ¢, k < 304, and %%k()k) %gigzg In this case, B(y;k) is

1_ﬁy7y—q+l(%ﬁ§k’)
fy,y7q+1(%/3§k)

Lemma 4, we can use the similar logic in (2.1) to show that 5(y; k) is strictly increasing in

determined by the first order condition. Because is strictly increasing in y by

y whenever y > q.

F(k) A(2k)
TE) S 27, (oK)

of (2.1), we can show that §(y; k) is strictly increasing in y whenever y > ¢+ 1. Furthermore

(ie., k> E) In the same way

1a
2

(2.4) Now suppose y > ¢, k < %0,4, and %1

we also know that 5(¢+1; k) > 2k = B(q; k). Thus 5(y; k) is strictly increasing in y whenever
y=q.

Combining the results in (2.1)-(2.4), we know that 5(y; k) is increasing in y. In addition,
when y < qgor k < %9,4, B(y; k) is strictly increasing in y;

(3) We prove the results with three steps.

(3.1) When y < g—1, we know that 8(y; k) € (0, min{2k,04}) and is uniquely determined
b 1_ﬁnfy,n+lfq(%5§k) _1ua(B)

1_ﬁn7 n+1— (lﬁvk)
= = 22470 Because —— 21102
fnfy,n+17q(%ﬁ§k) 2 uff‘l(ﬁ) fnfy,n+17q(%ﬁ;k)

is strictly increasing in £ by Lemma
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4, as the parameter k in this decreasing function increases, the value of ! an il (q( 5i)k) —
n—y,n+1l—q
ua(B)

%r@ becomes larger. Therefore, the zero point 5(y; k) is strictly increasing in k whenever

y < ¢ — 1. In addition, the continuous differentiability directly comes from the fact that

1—ﬁnfy,n+1fq(%6 k) 1 ua(B)
_ and ==
Trynti a3k 9 2@,05)

(3.2) When y > ¢, and 0 < k < %GA, we can show the same results in the same way.

are twice continuously differentiable in 5 and k.

When y > g and k > %9,4, we have B(y; k) = 04. Because %II;IA) B(y; k) = 04 by Lemma 1,
we know that ((y; k) is continuously differentiable (except for at k = 36,4), continuous and
increasing in k. Specifically, when k < %9 4, B(y; k) is strictly increasing in k.

(3.3) Now suppose y = ¢q. When k € [lé’Aﬂ) we have ((q; k) = 04. When k € [7{;\, %9,4),
we have ((q; k) = 2k. When k € [0,7{;\) % is independent of k so that S(q; k)
does not depend on k. Therefore 5(y; k) has, at most, two kinks. When k is between the two
kinks, f(y; k) is strictly increasing and continuously differentiable in k. When £k is outside of

the interval bounded by the two kinks, 3(y; k) is constant within each of the two intervals.

The Comparison between Straw Poll and Binding Referendum

Proof of Proposition 1.

(1) We first show that, straw poll with the initial proposal being 51 makes the set-
ter better off than the binding institution with the same initial proposal. The setter’s
expected payoff under the binding institution (with the initial proposal 31 and the cut-
point k) is characterized by the following expression: 3 i>q ( F (B3 (1 — F(k)Yua(by) +
5 cg (VER (1 — PR max{[l — Q87: B)ua(t) + (30l Rua(0)). where Q(1j:F)
is defined by Equation Al. With sincere voting, the payoff becomes >, ( F (E)”‘j(l —
PR ua@R) + Ty () FE (01— PR max{[1 - Q(3bl5: ua(b) + A0l Rua(0)). T
equals 3., (1) F(RY (1L~ F(R)Y[L-0(F|j: Dua R+ 5, () PR~ (1 (R)ymac{[1-
Q(3015; k:)]uA(b) + Q(%b|j;%)ul4(0)}. This is the same expected payoff for the setter in straw

poll if she initially proposes /51, while proposing 2k upon j > q positive votes and proposing
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B(j ,%) respectively upon j < ¢ positive votes. Her expected payoff can be improved in

-~

straw poll if instead she proposes (3(j ,E) upon j > ¢ positive votes. That means ua(2k) <

1 — Q380 B)g: k)lua(B(; k) + Q2B(; k)5 k)ua(0), for j = g, ..., n. Lemma 1 suggests
that 3(q; k) > 2k when ¢ < n. Thus, we have uy(2k) < [1 — Q(%ﬁ(j;%ﬂj;%)]u/;(ﬁ(j;%)) +
Q(%ﬁ(j;@)]j;%)]uA(O), for j = (¢ +1),...,n, providing ¢ < n. As a result, in straw poll, the
setter’s expected payoff can be increased to ) (’;) F(/k\:)"*j(l—F(?{:\))jml?x{[l—Q(%b|j; B)Jua(b)+
Q(%b|j;7c\)uA(O)}. When ¢ < n, the welfare improvement is strict.

(2) Notice that given the continuation equilibrium strategies, even if there may be several
initial proposal under binding referendum that maximizes the setter’s expected payoft, they
all end up with the same level of expected payoff.

As the last stage to complete the proof, we also need to show that there exists an ini-
tial proposal by € [0,0] that maximizes the setter’s expected utility given all the continu-
ation equilibrium strategies. Notice that the setter’s expected utility is ) _; (?)F (k)" (1 —
POV — QLBG: k) )lua(BG; k) + QLB0: k)]s K)ua(0)}. Lemma 1 suggests that
B(y; k) is continuous in k so that the expected payoff is a continuous function of k, and
therefore also continuous in b; because k = %bl. A continuous function defined on a compact
set always has a maximizer. As a result, there exists an equilibrium in straw that makes the
setter better off than in any equilibria under binding referendum, providing that voters are

non-strategic. m

Proof of Proposition 2.

The main logic of the proof is already mentioned in the main part of the paper. Now we
only need to deal with the technical part that b; = 64 induces k* as a best response. Recall
that Vi (0:; k%) (V5 (055 k*,b1)) denotes the voter 4's payoff gain from casting a positive
vote in the first period of straw poll (binding referendum with initial proposal b ), given that
the other players’ actions and his own action in the second period follow the equilibrium
strategy profile. To complete the proof, we don’t need to write down the detailed expressions

of Vj?ff(@; k*) and Vd]fff(é’i; k*, by = 04). Instead, we only need to pin down their difference.
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Specifically, we need to verify the following condition.

‘/dzBff<0i; k*,by = 04) — chff(ei; k*) =
0 it ;> 104 (A7)
("D F (k)91 = F(k*)) 0 P g g (204 k%) [1:(04) — wi (0)] if 6; < 16,4

qg—1

where F,__(-; k*) denotes the cumulative distribution function of the (n — ¢) th smallest
order statistics from the (n — y) i.i.d. random variables 0; |p,<x. Notice that the payoff gain
is calculated based on various contingent situations.

Firstly, consider the contingent cases when the other (n — 1) voters cast ¢ or more
positive votes for the initial proposal. Voter i’s decision does not change the outcome in
binding referendum so that Vd’?ff(@; k*,by = 04) = 0. In the straw-poll environment, the
setter in the second period will propose her ideal point and those y voters will again approve
it. Therefore, the utility difference in straw poll V} (05 k) = 0.

Secondly, consider the contingent cases when the other (n — 1) voters cast (¢ —2) or less
positive votes for the initial proposal. The continuation game in both institutions generate
the same distribution of outcome. Therefore the two utility-difference functions are the same,
ie., Vi (05 k%) = Vi (05 k%, by = 0.4).

Thirdly, consider the contingent case when there are exact (¢ — 1) positive votes among
the other (n — 1) voters. If voter i casts a negative vote, he induces the same distribution
of outcome in the continuation game in both institutions. If voter i’s ideal point 8; > %9,4
and he casts a positive vote, he gets a payoff of w;(f4) for sure in both institutions. The
only complicated part is the situation when his ideal point 8; < %9 4 and he casts a positive
vote. In binding referendum, he gets a payoff of w;(64) for sure. However, in the same
situation of straw poll, voter ¢ understands that he will reject the setter’s ideal point if she
proposes it in the second period; meanwhile, among the other (n — 1) voter, only (¢ — 1)
of them have ideal points above %0 4 for sure, and the rest (n — ¢) voters may prefer the

status quo to 04. Whether the 6, gets approved depends on whether the maximum ideal
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point among the (n — ¢) ideal points with distribution F\(-; k*) accepts it or not. Hence, the
voter’s expected payoff is (1 — fn,q,n,q(%m; E*))ui(04) + fn,q,n,q(%em k*)u;(0). So when
voter 7’s ideal point 0; < %9 4, in the pivotal contingent case, the difference of the two utility-
difference functions is u;(64) — [(1 — ﬁn_q’n_q(%OA;k*))ui(QA) + ﬁn_q’n_q(%é’A;k*)ui(O)] =
Fo o604 K°)ua(60) — :(0)]
Notice that the ex ante probability of the pivotal contingent case is (Z:ll)F(k;*)”*q[l —

F(k*)]7~!. Thus, Equation A7 has been proved.

Based on Equation A7, we can check that the following conditions hold.

(a) ViZe (0 k=, by = 04) = V3, (035 k%) > 0, for any 0; > k*;

(b) V5 p (05 k*, by = 0a) < Ve (0:5 k%) <0, for any 6; < k*.

As a result, no type of voters has an incentive to deviate from the voting strategy with

cut-point k* if the setter proposes her ideal point in the first period of straw poll. m

Statement of Equilibrium Conditions

To characterize voters’ incentive to vote in the first period, we need to analyze each
voter’s payoff gain from casting a positive vote instead of a negative one. Given the proposal
in the second period by, we use V(6;,bs,y") to denote the second-period continuation payoff
of the voter with ideal point #; when: (1) all voters voter sincerely in the second period, and
(2) there are y' positive votes among the other (n — 1) voters in first-period voting. The
function V' (6;, by, y') should also depend on the voter’s perception about the cut-point & that
the other (n — 1) voters use in the first period. To save the notation, we do not explicitly
write it as an independent variable of the function. Let Vg, ;(0;; k) (V55 (6:;k,b1)) denote
the difference of voter i’s expected payoffs between casting a positive and a negative vote
in the first period of straw poll (binding referendum with initial proposal by), taking into
account that: (i) the other voters use cut-point k, and (ii) the setter maximizes her expected
payoff in the second period given her belief of voters’ first period cut-point k. Specifically,

Vs (033 k) and V.2, ((6;; k,by) can be expressed by the following two equations.
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S ing (T ER) L= F(R)PV(0;, 8 + 11 k), §) — V(6:, B(j: k), )]

J

Vigs (O k) = 4 +(0) (k)1 = (&) [V (0, B(gs k), g — 1) = V(0;, B(g — 1;k),q — 1)]

+ 2 jqe () E (R = F(R)PIV (0, 80 + 13k), §) = V (03, B(j: k), )]
(A8)

(0)) F (k)91 = F(k))" ug(by; 0;) = V(0;, B(g — 15 k), 4 — 1)]

Vd?ff(gi; k, bl) =

Y

+ g2 () E (R = F(R)PIV (05, 80 + 13k), §) = V (03, B(55 k), 5)]

(A9)
Based on the above payoff-gain functions, the equilibrium conditions in both institutions

can be reduced to the requirement about voters’ first-period voting incentives as follows.

Remark 1 Given an initial proposal by, k*(by) € (0, 0] is an equilibrium cut-point if and only
if the following conditions are satisfied: (i) Vi, (k*(b1); k*(b1),b1) = 0, (ii) ViiZp ¢ (0i5 k*(b1), b1)
0, whenever 0; € (k*(by),0], and (iii) Vi1 (0i5 k7 (b1),b1) < 0, whenever 0; € [0, k*(b1)), where

w indicates whether the institutional environment is straw poll (S) or binding referendum

(B), and we define V(0 k,by) £ Vi 4035 k).

Note that the equilibrium cut-point k*(b;) should depend on the institutional environ-
ment. To save the notation, we do not use an additional subscript indicating the institutional

environment.

Proof of Corollary 1.

The proof consists of two parts. First, we construct the equilibrium in binding referendum
given an equilibrium in straw poll. In our constructed equilibrium, the setter always has an
option to propose her ideal point in the first period so as to replicate the same outcome in
straw poll. Then it remains to show that there is an equilibrium that gives the setter the

highest payoff among all possible equilibria (if any) in straw poll. When there are only finite
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equilibria in straw poll, the claim is obvious. So we only need to show the claim holds if
there are infinitely many equilibria in straw poll.

(1) We construct the equilibrium of binding referendum in two different situations. The
first situation is when ¢ > 2. In this case, we need to specify certain off-the-equilibrium-path
beliefs (not required by the equilibrium conditions) as a part of the construction. The other
situation is when ¢ = 1. In this case, the equilibrium construction does not involve the
off-the-equilibrium-path beliefs (not required by the equilibrium conditions). In both cases,
we need to specify the voters’ strategy k*(b;) when the setter does not propose her ideal
point, i.e., by # 04.

(1.1) First of all, let’s consider the case with ¢ > 2. We will show that for any by # 04,
a pooling equilibrium strategy k*(b;) = 0 can always be induced. When all the other voters
use the strategy k%(by) = 6, the difference of expected payoffs between making a positive

and a negative vote for voter with ideal point 6; is

V;lzBff(ei; k*(bl) = 57 bl) = V(@i,ﬁ(l;e),()) - V(ei,ﬂ(os 9)»0): (AlO)

where the function V(6;, by, v') is defined before Equation A8. Recall that £(1,6) is not well
defined and depends on the off-the-equilibrium-path belief because it is the revised proposal
when the setter receives one positive vote but knows that all voters reject the initial proposal
for sure. As long as we set the off-the-equilibrium-path belief such that 3(1;60) = £(0;6),
no voter has an incentive to deviate from the pooling equilibrium strategy. As a result,
k%(b1) = 6 can always be supported as a continuation equilibrium.

If there is an initial proposal b} that can induce an interior cut-point k{, as well as a
strictly higher expected payoff than what 64 induces for the setter, then define k*(b}) = k.
For all the other initial proposals except by = 04, define k*(b;) = A. With the constructed
cut-point strategy, 64 and b} (if any) are the only possible proposals for the setter to induce
information disclosure. Thus, the optimal solution for the setter exists and must be either

04 or b.
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(1.2) Now we consider the case when ¢ = 1.

(1.2.1) We will show that the following cut-point strategy can be sustained as an equi-
librium strategy:

(i) when b; > 20 — 3 (0;5) , the voters all reject the proposal, i.e., k*(b;) = 6;

(ii) when S (0;9) <b <20-7 (0;5) , the cut-point k*(b;) € (%bl,g) is well determined
by the equation k*(by) = w;

(iii) when b; < B(0;60), the cut-point k*(b;) € (0,6) is well determined by b; =
B(0:k*(b1)) 5

(iv) when by = 0, every type of voters accepts it.

In the following, we verify each of the above cases. We know that the payoff-gain function
of a voter is F(k*(by))[v:(|b1 — 0:]) — V(0;, B(0; k*(b1)),0)], where

V (6, B(0; k*(01)), 0)

ei(15(0; k7 (br)) — 6i]) if 0; > 58(0; k*(b1))

= 11— Famaa (BB k7 (1) b (01)]en(18(0: 7 (br) — 64])

Foora (5805 k7 (01)); k(b)) ([0 = 6:])
Consider case (i) with b; > 20— (0;6). For 6; < 6, we can verify that V (6;, 3(0; k*(b1)), 0)

¥;(|8(0; k*(b1))—0;]). Also notice that by > 26;,— 3 (0;6) so that we have 6; < (b1 +03 (0;6)).
Because by > 20 — 8 (0;6) > 3 (0;60), we have ¢;(|3(0; k*(b1)) — 6:]) > 1;(|b1 — 6;]) so that
no type has an incentive to deviate.

Consider case (ii). We first show that the incentive compatibility conditions of the
other types are automatically satisfied given the cut-point condition specified. Notice that
by > 5(0;5) > [(0; k) for any k. For 6; > k*(b;), we have 6; > w so that
i(18(0; k*(b1))—0:]) < 1i(|b1—0;]). For 6; < k*(by), we can verify that V' (0;, 5(0; k*(b1)),0) >
Ui(|8(0; k*(by)) —;]). Because 6; < 2O CD) "o have (| 8(0; k* (b)) —6;]) > 1i(|br —64)).

Thus, no other types have incentive to deviate from the cut-point strategy, and the cut-point
is determined by ¥;(|3(0; k*(b1)) — k*(B)]) = vi(|br — k*(B1)]), ie., k*(by) = LGOI
Define a new function Hy(k;b) = k — 2208 When k = 8, we have H,(k;b;) > 0. When

k< %bl, we have Hi(k;b1) < 0. Because Hi(k;b;) is a continuous function with respect to
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k, its zero point k*(by) always exists in the interval (1b1,6). Thus k*(by) is well defined.

Consider case (iii) with b; € (0,8 (0;6)). Define k*(b;) such that by = 3 (0; k*(b;)). Be-
cause (3 (0; k) is continuous and strictly increasing in & with klir&ﬂ (0; k) = 0, the cut-point
k*(by) € (0,0) in this case is then well defined. For §; > k*(b;), we have V (6;, 8(0; k*(b1)), 0) =
¥;(|by —6;]) and for 6; < k*(by), we have V' (6;, 5(0; k*(b1)),0) > ;(|by — 6;]), so that no types
have an incentive to deviate.

Consider case (iv). If by = 0, no voter has an incentive to deviate from accepting the
proposal if the others follow the cut-point k*(b;) = 0.

(1.2.2) Now we consider if there is an optimal proposal in the first period that maximizes
her expected payoff given the cut-point specified above. In case (iii) and case (iv), the setter’s
expected payoff is no more than that in the game without any communication. Thus choos-
ing by < 8 (0;5) is a strictly dominated strategy. In case (i), the setter’s expected payoff is
the same as that in the game without any communication. Thus, choosing by > 20 — 3 (0; 5)
is not optimal for the setter either. Without loss of generality, the setter’s choice of the
initial proposal can be focused within the interval [ (0;5) ,min{20 — 3 (0;5) ,0}]. Specific-
ally, she maximizes her expected payoff subject the constraints that b; € [ (O; 5) , min{20 —
3(0;6),60}] and that k*(b;) is determined by k*(by) = bSO D) - The setter’s expected

2

welfare when voters use the cut-point k is Ua(k,b1) = >_ -, (?)F(k)"_ﬂ[l — F(k))Pua(by) +
Y ieamr (O E (k) I [1=F (k)P {[1=Foejger (3807 £)); K)ua(B(; )+ Fojin—gier (381 K)): k)uals)}.
Notice that the cut-point specified by case (ii) may not be unique. However, this does not

prevent the existence of equilibrium as long as the optimization problem (bmka;xFU 4(k, by) has
1,K)€

a solution, where I' £ {(by, k) : b, € [B (O;@) 20— (0;5)] and k = %(Ok)} We can verify
that Ua(k,bq) is continuous in (k, by). Also notice that by € [§ (0;5) ,20—1 (0;5)] so that by
is bounded. k = b1+'82(0;k) > 6((;;0), and k = %(O;k) < 0, so that k is also bounded. Because

b1+5(0;k)
f — btBOk)

is continuos in (k,b;), ' is a closed set. Hence, I' is compact. Then we can
conclude that arg maxUq4(k,b;) should not be empty. Suppose (b9, k%) € argmaxUy4(k,by).

(b1,k)el (b1,k)eT
We can verify that the initial proposal b? together with the cut-point strategy specified above
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with &*(0?) = k° satisfy the equilibrium conditions.

(2) Now we show that there is an equilibrium with &* > %A that gives the setter the
highest payoff among all possible equilibria with k* > %A (if any) in the straw poll. We only
need to show the non-trivial case when there are infinitely many equilibria in straw poll.
Because the setter’s expected payoff is bounded by 14(0), the supremum for the setter’s
expected payoff induced by all the equilibria exists. Denote it by (7;*‘ By the definition
of supremum, there exist a series of equilibria with cut-point k! > % such that Ua(K!)
converges to [7:1 as t goes to infinity, where [774(]{:) is the setter’s expected payoff if the
voters use cut-point k in the first period. Because k% is bounded, there is a subsequence
of {kt}, denoted by {ki™}, that converges to some point k**. We can check that [7:4() is
continuous, therefore we have mlir}rlooﬁ;;(kim) = ﬁ;;(k**) Because tLlinooﬁ;(k:'i) = (7;} SO we
get (}:;(k**) = U%. Because k! > 97“, we have k™ > 97“ and k** > %“. It remains to show
that &** forms an equilibrium. Notice that V7, f(kim; kim) =0 and V214055 k) is continuous
in 0; and k. Hence, we have Vdf-ff(k**; kE**) = 0. We only need to show the other types do not
have an incentive to deviate. Without loss of generality, suppose there is a type 8’ > k*™* such
that Vi, (6'; k**) < 0. Then for sufficiently large m, we have ¢’ > kim and Vi (s kim) < 0.
The two inequalities together are contradict to the fact that ki forms an equilibrium. As a

result, £** > %“ must form an equilibrium and it gives the setter the highest expected payoff

among all the equilibria with k* > %“ in straw poll. m

Necessary Conditions of Equilibria in Straw Poll

Proof of Proposition 4.

We prove the result by contradiction. Suppose there is an equilibrium cut-point £* < %8 A
We first pin down the condition for the type £* to be indifferent between saying “yes” and
“no”, i.e., Vdf-ff(k;*; E*) = 0.

Consider the case when the other voter says “yes”. If voter i says “yes,” he induces a

revised proposal b3(2). Because his ideal point is k* < %b*(Z), he ends up with a payoff of
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¥;(k*). If, however, he says “no,” he induces a proposal b3(1), which will be accepted by both
voters. Thus, he ends up with ¢;(|k* — b5(1)|). His payoff gain from saying “yes” instead of
“no” is therefore 1;(k*) — ¥ (|k* — b5(1)]).

Consider the case when the other voter says “no”. If voter i says “yes,” he induces an
expected payoff [1 — F(205(1); k%) (|k* — b5(1)]) + F(3b3(1); K*)i(k*). If voter i says “no,”
he induces an expected payoff [1 — f(%b;(()), E*) i (|k* — b5(0)]) + ﬁ(%b;(@), E* ) (k*).

Thus the indifference condition is —[1 — F(k*)][¢;(|k* — 05(1)]) — ¥s(k*)] + [F(k*) —
(b1 k][ (7 — b3(D)1) — (k)] — [F (k) — P50 k)]l * = b3(0) ) — (")) = 0.

The equation can be rewritten as

2 (k") ~ F (b3l Ik* b))~ (k)] = [F (k") — F (3O~ B3(0))) — (k)]

(A11)
We can check that |k* — b5(1)| < £* and |k* — b5(0)| < k*, so that we have ¥;(|k* — b5(1)]) >
¥;(k*) and 9;(|k* — b3(0)]) > ¥;(k*). We also have F(k*) > F(1b5(0)). Thus, the right-hand
side of Equation A1l is positive. So the left-hand side should also be positive, and we must

have
1

26 (k) > P

b3(1)) + 1. (A12)

(a) Whenever F(304) < I, we get 2F (k*) < 2F(364) < 1. This inequality implies that
2F(k*) — F(3b5(1)) < 1, which contradicts the Inequality A12. As a result, any equilibrium
cut-point k* must be strictly greater than%@ A whenever 6,4 < 2F *1(%).

(b) When F is convex, we have 2 F(1b5(1))+1-1 > F(3-1b5(1)+16). By combining this
condition with Inequality A12, we get F(k*) > F(3b%(1)+36). We then get k* > 1b3(1)+ 16,
which implies that %HA > ib;(l) + %5 > %5. This is contradictory to #4 < 0. As a result, in

any equilibrium, the symmetric cut-point k* > %9 4 when F(-) is convex. m

Proof of Proposition 5.
The second part is directly implied from the first result that £* < %QA and Lemma 1.

Thus, we only need to prove the first part. Notice that 5(-; k) generally depends on 6 and 6,4.
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For simplicity we do not explicitly write § and 64 in the expression of the function B(-; k).
We need to show that M/, > 0 such that for all §4 = 6 > M,, we have k* < %HA. We prove
the result by contradiction.

Suppose it is not true. Then there must exist a series of setter’s ideal points (indexed by
t,ie.,04=0= 0;) with t£+m009t = +o0 and the associated equilibrium cut-point k; > %Ht. In
such an equilibrium with cut-point k, we have Vy;¢¢(k; k) = (1—F (k))[2k0.4—0%— (2kB(1; k) —
B )] + [F(k) — PLB(LRDIRKB(L k) — A(1 k)] — [F(k) — F(SB(0; k))][2kA(0; k) —
B(0; k)?).

(a) We can verify that tLiinoo B(1; k) and tLieroo B(0; k;) finitely exist (according to the first
order conditions of setter’s optimization), and tlgnoo B(1; k) > t£+moo B(0; k). Specifically,
tLigrnoo B(1; k) is the same as the proposal in equilibrium when the setter (with a linear
utility) faces one voter in the static game; and tEeroo B(0;6;) is the same as the proposal in
equilibrium when the setter (with a linear utility) faces two voters and unanimity rule in the
4

static game.

(b) The limit of the payoff gain
(

Jim {(1 = F(k))(0: = B(L k)1 — 4]
L Vs —(1 = F(k)(g — 252 5(1; k) }
e + Jim {[F(k) = P(SA(1; k)AL ) — 242)
—[F (k) — F(3B(0; k)][B(0; k) — 25857y
Because 5= < 1, we have Jim (1= F(ki))(0: = B(1; k))[1 — F=] > 0, and Jim (1 -

F(kt))(%t—ﬂ(1 k) )B(1; k) = 0. Hence, we get hm Vaiyg (kiike) > lim {[F(k,)— F(gﬁ(l;kt))]ﬁ(l;kt)—

2k¢ 2kt t——+o0

[F(k) — F(38(0;k))]8(0; k)}. Notice that tEELnOO[F(kt) — F(38(1;k))]B(1; k) represents

4 ) . . —F(3B(Lk)ik) 1 B(Lk)—B(1:ke)? /20,

B}Nf Lemma 1, 3(1;k;) and 5(0;k;) are determined by m = 3T A(R) /30, and
1-Fp 1 (58(0ske)ike) 1 B(0ik)—B(0:ke)? /26, . : :
w = 35T A0k /20 respectively. Let ¢ — +oo in both equations, we get
1-G(%, lim_B(1:k)) 1-Ga1(3, lim _B(0sht)

- 15 . : .
9%, Tim_B(Tk) o (3, A0 2t_lg_nooﬁ(O,kt) respectively. Thus, t_lgrnoo

B(1; k) is the same as the proposal in equilibrium when the setter (with a linear utility) faces one voter in
the static game without communication; and , ligrn B(0; 6;) is the same as the equilibrium proposal when the
— 400

—_ 15 .
= QtEinmﬂ(l’kt) and

setter (with a linear utility) faces two voters and unanimity rule in the static game without communication.
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the optimal expected payoff of the setter with a linear utility when she faces only one
voter and no communication. This payoff should be strictly higher than the payoff if she
. . . . Vaig  (kt;kt) : _
chooses a different proposal tlgknooﬂ (0; k¢). Therefore, we get t£+moo—2’€t > tLleroo{[F (ki)
F(A8(1; k)81 k) — [F (k) — F(38(0; k)] 8(0; k) } > 0. It implies that for a large enough
t, the indifference condition is violated. This is in contradiction to the equilibrium require-

ment. As a result, 3My > 0 such that for all 84 = 6 > M,, we must have k* < %9,4.

Equilibrium Existence in Straw Poll

Proof of Proposition 7.
(1.1) First of all, we show that an indifferent type k* always exists. From Equation 2 and

Equation 3, we get

Viig s Bik™)
Py

20,604 — 6] — [20:b5(0) — b5(0)?] if 0; € [104,0]
[1 — F(504; k%)][20,0.4 — 67] (A13)
—[26:63(0) — b3(0)?] if 6; € [363(0), 304)

[1— F(10.4;5%)][20,0.4 — 62]

| 1~ F(305(0); k)][260:b5(0) — b3(0)] if §; € [0, $b3(0))

Because k* > 10,4, the indifference condition of the equilibrium becomes 2k*04 — 0% =
2k*b5(0) — b3(0)2. Therefore, the equilibrium cut-point &* must satisfy k* = %(O;k*). Define
a new function H(k) = k — 22200 We have k > 42800 for v > 9, and k < 243208
for Vk < 104. Thus we know that H(k)|x>¢, > 0 and H(k)|kg%0,4 < 0. Given that H (k) is
a continuous function with respect to k, an indifference type k* always exists. Furthermore
we must also have: any equilibrium k* € (364,6.4).

(1.2) Although an indifferent type always exists, it does not necessarily indicate the

existence of the informative cut-point equilibrium. We need to check the communication
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incentive of the other types. Given Equation A13, we know that the payoff-gain function
VS (91';]6* . . . . . . .
% is piecewise linear so that we only need to check the incentives of three different

1 1 * : Vdsiff(aizégmk*) *
types: 0; = 304, 56(0'1@ ) and 0. Specifically, we have: e = —[048(0; k*) —

B(0; kY] < 0, and YR OTIORIED (g F1g, 1)][8(0; k)64 — 03] < 0.

It remains to check the incentive of the type 6; = 0. Notice that -2 (

F(k*)
f(%B(O; k*); B¥)]B(0; k*)* — [1 — ﬁ(%@A; k*)]6%. Hence, no deviation condition for the type

ﬂ:[l_

0; = 0 is equivalent to the inequality

[FK) = P80 K)B0: R < [F(K) — F(504))6% (A14)

. . A A
For convenience, we use two temporary notations: z; = 3(0; k*), zo = 04. Then we have

k* = 242 And the no-deviation inequality can be rewritten as: F(k*)(23 —21) +21F (321) >

F(325)73. Given that F(-) is convex on [0, 4], we have F(k’*)z’gz_ﬁ —I—j—iF( 1) > F(kz"’ S
2 2

zé% 1) = F(%fzm) Because % > 22, we have F(k*)zé%z1 + %F(—zl) >
F(32). After rearrangement, we get F'(k*)(25—27)+21F (321) > F(322)23, so that Inequality
A14 is satisfied and the type 6; = 0 has no incentive to deviate.

(3) Now we show that as 4 = 6 — +o0, the type §; = 0 has an incentive to deviate,
that is [F(K) — F(L8(0: k))]B(0: k)2 > [F(*) — F(10.]6%

(3.1) First we show that the limit of the left-hand side of the inequality is strictly positive.

Since the indifferent type k* > 104, we have lim k* = 4c0. Because lim F(§) = G(6)

0=0,4—+00 6—+o00

. . Ya(Oa—z)—ya(0a) _ 0pz—a _
is well defined and ézeljl—r)l-',-oo T (01 —a) = é:eljglJroo 26, 2 x, by Lemma 1 we
know that  lim  ((0; k") is well defined and finite. Therefore, we have  lim [F(k*) —
0=0,4—+00 0=0,—+c
F(38(0:k))IB(0; k)2 = [1 - G(3_ lim  B(0;&*))]( lim  B(0;k*))* >
= A~>+oo 0=0 A—r+00
(3.2) Now we show that  lim [F(k*) — F(3604)]0% = 0. Notice that 0 < [F(k*) —
9:9A—>+oo
F(5604)]0% < [1 — F(3504)]03 < [1 — G(304)]0%. So it is sufficient to show that , liril 11—
A—+00

G(304)6%4 = 0. For any y > 0, because f0+ ?dG(z) — [ #*dG(x) = f+°o x2dG(a:) >
e fy+°° dG(z) = y*[1 — G(y)], we have [ xsz(x) > 21 — + JJ #*dG(z). Let
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y — +oo in the inequality, we get fOJrOO r?dG(z) > hIJP y3[1 — ]+ f+oo 2?dG(x). Tt
y—r—o0
implies lim 3?[1—G(y)] = 0. Thus, we have lim [1—G(%9A)]0A =0and lim [F(k;*)—
y——+o00 04—+00 0=0,4—+00
F(564)]0% = 0. Therefore, the type 6; = 0 has an incentive to deviate from the informative

cut-point equilibrium, as 64 = 8 — +00. As a result, when 64 = § and they are sufficiently

large, the only possible symmetric cut-point equilibrium is that k* = 6. m

Proof of Proposition 8.
Each voter’s expected payoff gain from casting a positive vote rather than a negative one
is

vdfff(ei; kE*) = (1= F(k*))AL(6;) + F(E")Ao(6:), (A15)

where A1 (6;) = V(0;,05(2),1) =V (0;,b5(1), 1) and Ag(6;) = V (05, b5(1),0)—V (65, b5(0), 0).
For convenience, let’s also introduce the following six notations: A; £ [1—F(L05(2); k*)]b5(2)—
b5(1), By £ [1=F(3b5(2); k*)]b5(2)2=b3(1)2, Ao & [1=F(§b5(1); k*)]b3 (1)~ [1=F (3b5(0); k*)]b3(0),
By & [1 = F(3b5(1); k*)]b3(1)% — [1 — F(3b5(0); k)]b3(0)%, Co = [1 — F(3b5(0); k*)]b3(0),

Dy = [1 — F(1b3(0); £*)]b3(0)2. Then we have

2A,0; — B, if 0; > 3b3(2)
Ai(0:) =4 —2b3(1)6; +b3(1)% if Les(1) <6 < Lb(2) (A16)
0 if 0; < 3b5(1)
2A00; — By if 0; > 1b3(1)
Do) = 4§ —2Co8; + Dy if 1b3(0) <6, < Lbs(1) - (A17)
0 if 0; < 1b3(0)

We have b3(1) > 0, Cy > 0 and b5(2) > b3(1) > b5(0). We can also verify that both Ay (6;)
and Ag(6;) are continuous in 6;.
(1) Let’s first establish the following claim: k* forms a cut-point equilibrium if and only

if Vairr(0; = k*; k*) = 0, that is, no other type of voters has an incentive to deviate from the
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cut-point strategy once we find the existence of an indifferent type.® We prove this claim by
three steps.

(1.1) In the first step, we show that A; > 0, ie., [1 — F\(%B(Q;kﬁ*);k*)]ﬁ(z;k‘*) >
B(1;k*). Notice that 2k* > §(1;k*). Hence, a sufficient condition for A; > 0 to hold
is: [1 — F\(%ﬁ@;k*);k*)]ﬁ(%k*) > 2k*. This inequality is equivalent to Hy(5(2;k*); k*) >
H,(2k*; k*), where Hy(z;k) £ [1 — ﬁ(%x, k*)]xz. Similarly as in the proof of Lemma 1 in
the Supplementary Appendix, we can show that the function H;(z;k) is single-peaked with
respect to z. If arg m:?XHl(x; k) > B(2;k), then we know that $(2;k) and 2k are in the
interval where [1 — ﬁ(%x, k))x is strictly increasing (in z) so that we will get the result.
Thus, we need to show that arg mngl(x; k) > arg mfx[l — F\(%x, k)]2[20 42 — 2?].

Similarly as in the proof of Lemma 1 in the Supplementary Appendix, we can verify that

. F(5x:k o
arg mgx]—]l(ac; k) = min{z € [2k, +00) : ﬁ—x < 0}, and arg max[l— (325 k)]?[20 42—
. 1-F(iaik R F(izk
7?] = min{z € [2k,0,) : Qf(ﬁ k)) — 2209“;_2”; 0}. Notice that both f((;x,k)) — z and

F;éi )) 229(;‘34””:29;2 are strictly decreasing functions of x. Because 2299“# > x, we must have

arg maz}x[l — ﬁ(%x, k)x > arg mgx[l - ﬁ(%x, k)]?[20 4z — 2*]. Thus, we have A; > 0.

(1.2) In the second step, we show that A, > 0, ie., [1 — ( B(L; k) k)|B(L k) >
1 - ﬁ(lﬁ(O' k); k)]5(0; k). Similarly as in the last step, we can prove that arg mgx[l -
F( x;k)|z > arg max[l F( 7; k)] [20 42 —2?%]. Because 3(1; k) > B(0; k) and the function [1—
ﬁ(ix; k)]z is single peaked, we have [1 — ﬁ(%ﬁ(l, k); k)] 5(1;k) > [1— ﬁ(%ﬁ((), k); k)] 5(0; k).

(1.3) In the third step, we complete the proof in (1) and show that the incentive com-
patibility constraints are automatically satisfied whenever an indifferent type exists. By the
results above, we have: A; > 0, Ay > 0, Cy > 0 and b3(2) > b5(1) > b5(0). The shape of the
conditional payoff-gain functions A (6;) and Ag(6;) are presented in Figure 1. V2, (6;; k)
is the weighted average of A;(6;) and Ay(6;). Formally, we have

(i) when 6; < 3b3(0), Vi (0:; k%) = 0;

5 The standard signaling games typically impose an exogenous single-crossing condition on the utility func-
tion. With that assumption, Vd*j If (6;; k) can be a monotonic function of #;. However in our game, the

shape of the function Vf; if (0;; k*) is endogenously determined and is not monotonic in 6;.
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Figure 1. A voter’s conditional payoff gains A;(6;) and Ay (6;)

(i) when 303(0) < 6; < 305(1), V5, 4(05 k) = —2F(k*)Cob; + F (k%) Do;

(iii) when 5b5(1) < 6; < §b3(2), Vi 505 k%) = [1—=F (k*)][—203(1)0;+b5 (1) +F (k*)[2 A6 —
Byl; and

(iv) when 0; > 3b3(2), Vi, (055 k5) = [1 — F(k)][24:0; — Bi] + F(k*)[2A00; — Bo).

Based on the above characterizations, we can simply verify that: Vdsif f(Hi; k*) < 0 when
0; < 3b3(1); and V7 (0;; k*) is strictly increasing in 6; when 6; > $b3(2).

If V5, (0; = 5b5(2); k*) < 0 as shown in Figure 2, then we have: V7, ;(6;k*) < 0 when
0; < 3b5(2); and Vﬁff(gi; k*) is strictly increasing in 6; when 6; > 105(2). The indifferent
type k* must be higher than %b;(Q), and no other type has an incentive to deviate.

If Vi, ((6; = 3b5(2); k%) > 0 as shown in Figure 3, then we have: V7 (0;;k*) < 0 when
0; < 3b5(1); and V3, (6;; k*) is strictly increasing in 6; when 6; > £b3(1). The indifferent
type k* must be weakly lower than %b;(?), and no other type has an incentive to deviate.

(2) We now establish the existence of the indifference type.

(2.1) We show that V7, ;(k; k) > 0 as k is sufficiently close to 0.

llgi_{%vdgff(k; k)

= [1 - F(38(1;0))]206(1;0) — B(1;0)*] — [1 — F(35(0;0))][205(0;0) — 5(0;6)?]

> [1 = F(38(L:0))[2048(1;0) — B(1:0)%] — [1 — F(58(0;0))][2048(0;0) — 5(0;6)?]

> 0.
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Figure 2. A voter’s payoff gain from making an endorsement Vdsiff(ﬂi;k*) with Vdfff(ei =
lb* 2): k*
2 2( )v ) < 0

ACHY

1. .
Ebz(z)

Figure 3. A voter’s payoff gain from making an endorsement Vdfff(&;k*) with Vdgff(t‘)i =
3b5(2); k%) > 0

The first inequality is due to the fact that [1—-F(33(1; k))|8(1; k) > [1-F(38(1; k)] B(1; k).
The second inequality is due to the definition of 3(1; k).

(2.2) We now show that Vdfff(k; k) < 0 as k is sufficiently close to 0. When & is close to

0, we have
) (101 1) B(1;k)? 2(la0 1) B(Ok) _ B(Osk) B(0:k)?
Vd?ff(ku k) _ F(k>{[1 - F(iﬁ(la k)a k)][l - 2ﬁ(1;k)k] - [1 - F(Qﬁ(ov k): k:)][g(l;k) T B(Lk) 2k,8(0;k)]}
26(1; k)& B(LK)
B(1; k) (1 — F(k))[-1 + 228
(A18)
B(:K)*  B(Ok)  B(0:k)*  Vaigp(ksk) g B(13K)

Becausew(l;k)k, 3R RA0R Are bounded, llcli% ;ﬂf({;k)k = }Clir(l]T — 1. Recall that
B(1;k) is pinned down by %ﬁbgib) = %%?g‘f;:g. This first order condition implies a
monotonic relationship between k and b = [(1;k). As k — 0, we have b = B(1;k) — 0
because (1;k) € (0,2k). The first order condition of the revised proposal W =

2
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%22?5‘::5 can be rewritten as F'(k) = %g?gﬁ:gjf(%b) + F(Lb). Therefore, we have ]lcii%ﬁ(zl];k) =

; b : : 1 —171 204602 _
bl_l)r(gw Dy Since zljli%b = %E%F '3 e )f( b) + F(3b)] = 0, we need
to apply L’Hospital’s rule and get hm BUK) — Lijpy £(0) =

PPy P B Do 2 wa[(;iig”:if>f(éb>+<;i§g*j D) (b F(Lb)4]

8K - 1 and hm‘éiéﬁ(:)k) < 0. Thus, Jk¢ > 0

R () B —
2 TFO /0T — 2 As a result, we have hH(l) o
such that Vi (ko; ko) < 0.

(2.3) Because Vi ((k; k) is a continuous function of k, 3k* € (o, f) such that Vi (k5 k%) =

0. m
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Supplementary Appendix for Communication in
Collective Bargaining

Jidong Chen*

This Supplementary Appendix supplements Communication in Collective Bargaining.
We provide detailed proofs for some technical results and extensions of the model. We do
not cover the results that are proven directly in the paper or in the Online Appendix. We
first characterize the properties of the second-period proposal in Lemma 1. Lemma 3 and
Lemma 4 offer some properties of order statistics and serve as preparations for the proof
of Lemma 1. Second, we show an example of a unique equilibrium under straw poll with
two voters and simple majority rule. Third, we offer a proof for Proposition 6, showing
a necessary equilibrium condition (k* > 364) with an arbitrary number of voters and an
arbitrary voting rule. In the end, we offer a proof for Proposition 9, a robustness result

when we allow a general message space.

Characterizing the Second-Period Proposal

Lemma 1 (Basic Properties of Order Statistics) Suppose F,,, is the distribution function
representing the y th smallest random wvariable among the x i.i.d. random wvariables with

distribution function F(-) and probability density function f(-),(x,y € ZT,x > y) then we

have:
y—1
1-Foy(8) _ N (=D a—y)! (1=F(0) \y—i—11=F(9).
(1) T = Xt ) T
(2 )1 F, ”()6 is decreasing in 6 provided F(-) satisfies increasing hazard rate property; when
y>2 L FI () ) s strictly decreasing in 0;

» (@
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—~
>
N

1— Fzy(a 1-Fyqiy
(3) %00 T () 5 ad

1- Fzy(9 < LFeyii(0) 1—Fyy(0) _ 1=Fit1,y+1(0)
(4) 7., Towa® TG < Tha®

Proof of Lemma 1.
(1) The distribution function F ,(f) and the probability density function f, ,(#) of the

y th smallest order statistics from x i.i.d. random variables are given by:

wy(0) = A ! vy S2
By calculation, we get
-1
1- yz y—1)! ) 1— F(e))y_i_1 1 - F(0) ($3)
f:c RY i=0 l‘ - Z F<0) f(e)
From the expression above, we know that=fra® jq strictly decreasing in 6, provided
fa,y(0)
F(+) satisfies increasing hazard rate property and y > 2. When y = 1, we have l;f ”1”’(19()9) =
i ( 1}5’1“’(19()9) is weakly decreasing in 6.
(3) We now show that = fz(ye()a) > l}ij;’(ye()e) is decreasing in x. Specifically, we have
1—Fuy(0)  1=Fut1,(0)
fzy( ) fot1,4(0) 1
l(z+1-y)! [ 1=F(0) \y—i—1 1—F(0 Di(z—y)! (1=F(0) \y—i—1 1=F ()
= Z x-i-l S Cra ) ) L < Z yx dor Cray ) 700)
z+1 1-F i— 1-F(0)\y—i—
Ad Z z+1( _z‘_zyz)'()( F(() < Z = 11)' 71 F(G()))y !
(z+1-y) _
< e < om0 S i<y -1
Sr+l-y<z+1-3,V0<i<y—1
Si<y,V0o<i<y—1.
(4) To show %’(yg) is increasing in y, we only need to show 1}52‘(%()9) l}iiiﬂ(lé?()e)
1=F,y(0) _ 1=Foy1y41(0) _ 1—Fyy1(6)
because fl’yé) fz+1,y+y1(0) T yi’l( . We have
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LFyi1y1(6) _ i( a=y)_(1-F(6) yy—i1=F(O)

Frwa®) = 2Tt i@ F) 70)
Y

_ yla—y)! (1-FO)\y—i1-F©O) | yz—y)! 1-F(0)\y1-F(0)

= L re ) rm T e Cre )70

Yy
oyl (1F0) )i 1F0)
> Z( (7o) o)

_ Z a: y)‘(l—F(9))y—z’71 1-FO) vy

F(6) f(0)  (i+1)
1—Fy 4 (0)
= fzyf“' o -
As a result, fF” (”9()9) is increasing in y. ®

We use Lemma 1 to show the following lemma.

Lemma 2 Suppose F(z) £ mln{F 1}, F(z) £ max{#(kk) 0} . Fn_y7n_q+1 is the (n-
q+1)th smallest order statistics among the (n —y) (with y < q — 1) i.i.d. random variables
with distribution F(x). Fy, 41 is the (y — q + 1)th smallest order statistics among the y
(with y > q) i.i.d. random variables with distribution F(z). The following statements are

true under Assumption 1:

(1) provided that ﬁ_y,n_qﬂ(@ k) >0 lfF" e qj(le(z)k) is strictly increasing in y, strictly
n—y,n—q-+

decreasing in 0, strictly increasing and continuously differentiable in k; and

(2) provided that fyy +1(0:k) >0, lfF“—ql*(le(i)k)zs strictly increasing in y, decreasing in
Y, y—q+

0,1 and is independent of k whenever y = q.

Proof of Lemma 2.

1—Foym—qt1(6:k)

is strictly strictly increasing in y. We know
F—yn—q+1(0:k)

(1) According to Lemma 1,

that

1~ Fyynii—g(0:k)  <2(n—q)lln—y— (n+1—q)]l F(k) — F(6)

( F(k) — F(6)
]?;Lfy,nJrlfq(e; k) B i—0 (TL — Y- 2)'(1)' F(Q)

f(0)
(S4)

)n—q—i

Fn y,n— q+1(9k)
Frn—yn—qr1(63k)

entiable in k. In the following we show that

is strictly increasing and continuously differ-

A—F(x)
fz)

This equation implies that>

is strictly decreasing for F'(z) < A with

L1t is strictly decreasing in § whenever y > ¢ or %0()9) is strictly decreasing.
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0 < A < 1. Notice that (1’ ) = =S2-0U-F)F" <. Then we have f= . The condition

f2
0<A<1 1mphes that 0 < A — F < 1 — F. Therefore, we have —1— > ——F, so that
-4 = > —-L—. So we have (A;F) = _(fé B < 0. Thus, 1}5:1:;;?7;)) is strictly

decreasing in 6.

(2) Similar as in (1), we can use Lemma 1 to show the property that I}FLW is
Y,y—q+ )

strictly decreasing in r. Notice that fiﬁ() 2) — 1}1(2()@ when x > k. The detailed expression of
11Fy,y7q+1(6§k) 3 3
o e s given by
L= Fyyqni(6:k) <A ‘1—1) ( 1—F(0) )y—q—il_Fw) (S5)
Fra—at1(6;K) i=0 F(0) = F(k) f0)
Because the functions%ﬁf()) and =29 are both decreasing functions, 1= Fyy—qi1(05k)

f(9)

is decreasing in #. The above equation also implies that=

fyy—q+1(85k)

is independent of k

Fyy—q+1(0;k)
fy y— q+1(9 k)

whenever y =q. ®

Proof of Lemma 1.

For convenience, we use FE(u4) to represent setter’s expected utility at the beginning of
the second period.

(1) The proof consists of three steps. In the first step, we rule out the possibility that
optimal %b is outside of the support of the distribution. Based on this, we can then take the
derivative and show that the objective function of the setter is inversely U-shaped. Third,
we use the sign of derivative at the boundary to pin down whether the optimal proposal is
a corner solution or not.

(1.1) For any b € (0,2604) N (—00,2k), we have 0 < 3b < 04 and 1b < k. Thus E(u4) > 0.
This implies that any proposal lies in [2k, +00)U{0} (i.e., that offers the setter a non-positive
expected payoff) is strictly dominated by the proposals in (0,2604) N (—o0, 2k). If 2k < 04,
the optimal proposal b < 2k. If 64 < 2k, any proposal b in (04, 2k] is strictly dominated by
b — € for some small positive e. Therefore G(y; k) < 04 < 2k. As a summary of the above

discussions, we have B(y; k) € (0,2k) and B(y; k) < 04.
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(1.2) We have
D) = [1 = Foeynqr 304 (0) = Famynmgir (30)5704()
rs 1—Fn yn—q+1(50
= Wy (O) g (J0) e B0 12y
1ua(d) :

f —y,n— q+1( b)
is decreasing. Notice that 5= XO is increasing

Frn—yn— q+1(2
fn Y,n— q+1( b)

and @ (b) fr_ yn—g+1(30) > 0. Thus, as b increases, the sign of £

By Lemma 3, we know that -

A)

never becomes positive
once it reaches a negative value. As a result, E(uy) = [1 — ﬁn_y,n_qﬂ(%b)]@l(b) must be
inversely U-shaped.

(1.3) If 04 < 2k, we get dE(”A lb=0,= ﬁ_yvn_qﬂ( 0,4) ua(6a) < 0. As a result,
B(y; k) € (0, min{2k,0,}) and is uniquely determined by the first order condition.

(2.1) Suppose 0 < %9,4 < k < @. For any 6; > k, we have 6; > %(9,4 so that ¥;(|0; — 04]) >
¥;(|0 — 04]). Thus, the voter with ideal point ; weakly prefers the setter’s ideal point to
the status quo. When y > ¢, the “pivotal” ideal point must be higher than the cut-point,
therefore 5(y; k) = 04.

(2.2) When 0 < k < 164, we can make the proof in similar ways as in (1). The setter’s
expected payoff is E(us) = [1 — ﬁ%y,qﬂ(%b)]u/;(b). Observe that any proposal b > 20 is
strictly dominated by b € (0,20,4). Furthermore, any b € (64,26) is strictly dominated by
b — e with a sufficiently small € > 0. In addition, b < 2k is strictly dominated by b = 2k.

Hence, we must have 8(y; k) € [2k,64]. Because dE— lb=0,= fw,qﬂ( 04)5ua(04) <0,

we have B(y; k) € [2k,04). We can also check that 424 uA lp—ok= U4 (2k)— §fy7y_q+1(l€)ﬂ,4(2k).

Because 0 < 2k < 04, we have @/y(2k) > 0. Also notice that

~ 0 if ¢g<uy
fy,y—q+1(k) = . (86)
f) 5f g =
9T Frr Y 9=Y

k i (2k .
Thus, only when y = ¢ and (1]1f5€()) < %aﬁgkﬁ’ we get [(y; k) = 2k; otherwise, 5(y; k) €

1_Fy,y7q+1(%b;k) — lﬁA(b)
Fy,yqurl(%b?k) 2 614 (ON

(2k,04) and is uniquely determined by the first order condition ]
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Uniqueness of the Straw-Poll Equilibrium under Simple Majority
Rule

Example 1 Consider the straw-poll game with a committee of a setter and two voters under
simple majority rule. Suppose each wvoter’s ideal point follows a uniform distribution, i.e.,
0;,7U(0,0). We can verify that the equilibrium cut-point is uniquely determined by k* =

1B8(2,k*) + 2.

Proof of Example 1.

4k>—B(0:k)>  __ 204B(0:k)—B(0sk)>
B(0;k) o 04—B(0sk)

bining it with the cut-point condition, i.e., k = %B(O;k) + W

Com-

According to Lemma 1, §(0;k) is determined by

0a
PR

we have

(2k — 0@%. This is equivalent to k* — 204k* + 30%k — 263 = 0.

Define (z) £ 2° — 20422+ 30%2— 20% for x € [%,04]. We have ¢/(z) = 32> — 7042+ 30%
0 1

for z € [%,04]. Specifically, we have: /(%) = 6% > 0, ¢'(04) = —0%4 < 0, p(%2) = 16% >

0 and p(f4) = —263 < 0. As a result, ¢(z) is strictly increasing from % to some T < 04

and is strictly decreasing from 7 to 64. Thus ¢(z) has a unique root, which is on (,60,4). =

Generalized Results

Proof of Proposition 6.

We prove the result by contradiction. Suppose the result does not hold. Then we have at
least one equilibrium cut-point k* < %9 4. By Lemma 1 and Lemma 2, in this equilibrium,
we have 64 > bi(n) > ... > b3(q) > 2k* > b5(q —1)... > b5(1) > b5(0). By the definition of

the cut-point equilibrium, we must have V7 (6; = 3b3(n); k*) > 0. We will then derive an

1
2
implication that contradicts with this inequality.

We first show the following condition holds

n—1

(n - 1) Py 1= F(R)PV (0, 5341 5) < (j +1

j )F(l{;*)”_j_Q[l—F(k*)]j“V(@i, b5(j+1),5+1),

(S7)
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for all j < n — 2 when 0; = %b;(n) Summing up these inequalities will then imply
Vdfff(ﬁi = %b;(n); k*) < 0. In the following, we make the proof by three steps.

To save the notation in the following analysis, let’s simply use fmhm (t) to denote
Fry my (t: k%), and use ﬁmth (t) to denote ﬁml,m (t; k).

(1) In the first step, we show that V(6;,b5(j+1),j+1) > V(6;,05(j+1), ) for all j when
0; = Lb3(n).

(1.1) Consider the case with j < ¢ — 1. Because 6; = 3b3(n) > 3b3(j + 1), we have
V(0,030 +1),5 + 1) = [1 = Faojngra (3050 + 1)I20:05( + 1) = b5 + 1)?] > 0 and
V(0,050 +1),5) = [1 = ot s gun (203G + D)J26:65 + 1) — b3 + 1)2] > 0. Lemma 3
—Fui1 g1 (305G+1)  1=Fu o jm_gr1(365(G+1)

. . 1
lies that = ~ _
mmplies that === = TG ) Too ymat1 (303G41)

For a cumulative distribution function G (0) with probability density function g(#), we al-

a

ways have @(9) = l—exp(— f" 13(525) ds). So we get ﬁn_l_j7n_q+1(%b§(j+1)) > ﬁn_Q_j’n_q_A,_l(%b;(j‘i‘
1), or [1 = Fpo jn (305G + 1) > [1 — Fuotjnqu1(303(j +1))]. This implies that
V(0,057 +1),5 +1) > V(0;,05(j + 1), 7).

(1.2) Similarly, consider the case when ¢ < j < n — 1. Because 0; = 3b5(n) > 3b5(j + 1),
we have V(6:,05( + 1),5) = [1 = Fjy-qra(305(j + 1)][26:05(7 + 1) = b5(j +1)?] = 0, and
V(0,550 + 1),5 +1) = [1 = Ejsnjqra(3030 + 1)][26:05( + 1) — b3(j + 1)?] > 0. Based
on Lemma 3, we have lﬁidq::é(l%;(;jij)l))) [1E?:;Jq::(3£§;b(igir)l)))]' Thus, [1 — ﬁj,ijﬂ(%b; (4 +

1))] < [1=Fj41j-g3(1b3(j+1))]. Therefore, we have V (6;, b5(j+1), j+1) > V (6;, b5(j+1), 7).
A F P20 > () P 1

(2) In the second step, we show that (’;;11

for all 7 < n — 2. Notice that

(1= F(k*) > 5= F (k)

=211 (n—j—1)1j!
& (n—1-j)(1— F(k) > (j + DF(k")

—j—1
n

3

< F(k) <

< F(k*) < = (because j +1 <mn—1)

S|

< F(504) < %

As long as the setter is sufficiently moderate, i.e., 04 is sufficiently small, we must have
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F(304) < % and therefore (" 1) 11— F(k*)PTHF(k*) 277 > (";.1) 1 — F(k*))F(k*)" ' for
all j <n—2.
(3) Provided that 04 is sufficiently small, Inequality S7 holds for all j < n — 2 when 6; =

n—2

b%(n). By summing up those inequalities, we get Zo (”]_.1)F(k*)"_j_l[1 — F(E*))PV(6;,b5(5+
]:

1),j) < g (J+1) (k*)"=972[1 — F(k*))P*'V(6;,b35(j + 1),j + 1). The right-hand side is

equal to ;( CDER) L = F(E9)PV(0,b5(7),4). So we get Tiz(";l)F(k*)”‘j—l[l _

3 <.
)

FOe YV (85,55 + 1), j) < 7_11(n;1)F(k*)n L — PPV (6,,55(j), j) when 0, = 1b%(n).
Notice that V3, (6; k§) = 7_1( Jﬁl)F(k;*)n—j—l[l — F(E))P[V(0:,05(5 +1),5) — V(0:,b5(5 +

1,5 = Z()()

> =PRIV, B5G+1.9)- 5 () P 1P EP V0. 5G).5)+
1 - F(k *)] WV (6:,b5(n),n — 1) = F(k*)""'V(6;, 03(0),0).
Thus, when 6; = 3b5(n), we have Vi, (6;;ks) < [1 — F(E*)]" 'V (6;,b5(n),n — 1) —

o,

F(k*)" 1V (6;,05(0),0). Given that 3$b%(n) > 3b3(0), we have V(6;,05(0),0) > 0. Because
V(0; = 3b5(n),b5(n),n — 1) = 0, we have Vi, (6i; k%) < —F(k*)" 'V (6;,05(0),0) < 0 for

. It is a contradiction. As a result, any equilibrium involves k* > %QA provided

64 is sufficiently small. m

Proof of Proposition 9.

In the any symmetric monotone equilibrium, there are various indifferent types. It is
sufficient to show that the lowest indifferent type k£ must be weakly greater than %A.

(1) Under simple majority rule, if k& < %4, we need to check the incentive compatibility
for types weakly smaller than but sufficiently close to k, i.e., 0; € (k — €, k] for some small
e > 0.

(1.1) We first characterize the expected payoff of a voter with an ideal #; when the other
voter is such that 6; > k. If this voter pretends to be the type above k, he induces the setter
to propose some b > 2k so that he gets n(b)(20;b — 52), where 7(b) is the probability the

other voter accepts b. If this voter pretends to be the type below k, he induces the setter to
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propose some b so that he gets 1(b)(20;b — b*). By the same method in Lemma 1 and Lemma
2, we can verify that b > b.

(1.2) We now characterize the expected payoff of the voter with an ideal #; when the
other voter is such that 6; < k. If this voter pretends to be the type above k, the setter
believes that the pivotal voter has an ideal point greater than £ so that the induced proposal
is weakly greater than 2k. He knows that the other voter always rejects this proposal so
that he is pivotal. If the proposal is strictly greater than 2k, he rejects it and gets 0. If the
proposal equals 2k, he gets 0 anyway. As a result, in this case, he always gets a payoff of 0.
If 6; pretends to be the type below k, he induces some proposal strictly less than 2k. So he
always accepts it and gets 20;0' — b2, where V' is the induced proposal and v’ < 2k.

(1.3) According to (1.1) and (1.2), the payoff gain from indicating a type above k (rather
than indicating a type below k) for the voter with 6; as his ideal is (1 — F(k))[n(b)(20;b —

52) —n(b)(20;b — b*)] — F(k)[20;0' — b?]. By the definition of the equilibrium, we must have

[1 = F(k)]n(®)b — n(b)b] — F(k)Y > 0, (S8)

and

(1 — F(k)[n(B)(2kD — B°) — n(b) (2kb — b%)] = F(k)[2kY — b7, (89)

Inequality S8 implies 7(b)b—n(b)b > 0. Equation S9 implies 7(b)(2kb — 52) > n(b)(2kb — b*),

n(0)5° —n(b)b? n(6)5° —n(b)b>

2[n(b)b—n(b)b]* 2[n(b)b—n(b)?]
k> g. It contradicts the fact that b > 2k. As a result, we have k > %A.

which is equivalent to k > This inequality implies that > g, so that
(2) Under unanimity rule, suppose k < %“‘. We prove the result by contradiction. In the
following, let’s examine the indifference condition for type 6; = k.
(2.1) We characterize the expected payoff of the voter with an ideal §; when the other
voter’s ideal §; > k. If 0, pretends to be the type above £, he induces the setter to propose
some policy greater than 2k so that he always gets 0. If 6; pretends to be the type below k&,

he induces the setter to propose some b* < 2k so that he gets 20;b* — b*2.
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(2.2) We characterize the expected payoff of the voter with an ideal 6; when the other
voter’s ideal 0; < k. If 0; pretends to be the type above k, he induces the setter to propose

b* so that he gets [1 — ](29 b* — b*?). If 6; pretends to be the type above k, he induces

F(k:

14
the setter to propose some 0’ < 2k so that he gets | F;(Qlf))](%il_)’ — (1')?).

(2.3) According to (2.1) and (2.2), the indifference condition can be written as —(1 —
F(k))(2kb* —b*?) + [F(k) — F(3b")](2kb* — b*%) = [F (k) — F(3b')](2kb" — (b')?). The equation

implies that 2F (k) — 1 — F(1b*) > 0. Therefore, we must have F(k) > We have

1
2 2°

F(k) < F(%) given that k < %

When 64 < 2F7'(3), we get F(k) < 3, which is a contradiction.

)
The inequality 2F (k) — 1 — F(1b*) > 0 also implies that F(k) > 1F(30*) + 1 F(f). When
(

F(-) is convex, we have F(%) > F(k) > F(31b* + 10), which implies 04 > 6. This is a

1
2

contradiction. As a result, when F(-) is convex or 64 < 2F~1(3), we always have k > %. m
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