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Appendix:

Proof of Lemma 1. :

A civilian is about to betray the leader for sure regardless his type x and group size L, then
no rebellion can succeed. Therefore each civilian has no incentive to deviate given other
civilians’ strategies. Given the civilians’ strategies, it is obvious the best response for the

leader is to choose L = 0. O

In the rest of this appendix, in the first step, I will prove the theoretical results under
one-cutoff strategy Proposition 2 and Proposition 4. It is because these results are easier to
establish and can also be used to prove the results of the two-cutoff strategy and Proposition
3.

Equation (6) can be rewritten as u”(z, L)|,= —u® (2, L)| =+ = 0, then define a(z*, M) =
(1= ®(Az*—M(L,my)))((ar—ap)z*+Br—Bs+vr—78) — (Yr —¥B), where A = (1-))/0,
M= TR Om o L < By Rand M = 22 @m0 o 1S By R, Since

g o

(1 —®(Az™ — M(L,my)))((ar —ap)z™+Br—Be+vr—7v8) — (Y —78) =0, (A1)

is the equilibrium condition. The following lemma studies the shape of @(z*).
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Lemma A.1. For all parameter values:
1. For a given M, u(x*, M) is single peaked of x*; liIELl w(z*, M) = —(yg — vB); and
T*—+4-00
lim a(z*, M) = —o0.
T*——00

2. For a given z*, u(x*, M) increases in M when * > —(6r — B + vr — v8)/(ar — aB),

and decreases in M otherwise.

Proof of Lemma A.1. :
1. Let f = Az* — M, and T = 228509298 (2% M) is increasing in z* if and only if

ar—ap
%}()f) is greater than the finite positive constant A(z* 4+ T'). Since f is increasing in z* and
%}()f) is decreasing monotonically in z* by the monotone hazard rate property of the normal
density function. It implies that #ﬂ({?ﬂ is decreasing monotonically in z* for z* > —T.
Thus we need to show that ﬁ% passes through A. First we have w*llanﬁ% = +00,
it is because %}()f) is finite when z* = —T.
1-®
lim )
v —too O(f)(a* +T)
— lim __¢(f)f%
w—roo O(f) = o(f)f fela* +T)
= lim Ji
votoo ffi(k+T)—1
= 0

The first equality is due to 'Hopital’s rule and the fact that ¢'(z) = —z¢(x), the second
equality is algebra, and the last equality uses the fact that f, = A and f is increasing in z*.
Therefore, @ is single peaked,

When z* approaches +00, 1 — ®(f) goes to 0, therefore, lim u(z*.M) = —(yr — 75).

*—4-00
Similarly z* goes to —oo, 1 — ®(f) approaches 1, Therefore lim a(z*.M) = —ooc.
T*——00
2. It is straightforward when take derivative with respect to M. O]

Proof of Proposition 2. : Still define 7' = 88=2eHn=05  When 2* < —T, 4 is always less

QaR—ap

than —(yg — ). Since @ is single peaked and increases in M when z* > —T, therefore



there exists unique M™"  such that the peak of @ tangent to zero, i.e max (1 — ®(Ax* —
x*
M) (0 — 0)a” + B — 85 + v - 15) — (Y — v8) = 0.
I L < B+R M= 20100 0m

ag
my < I (M™® — 2o

and increases with L. Therefore, when

(f R)), no matter what L is chosen, M cannot exceed M™®,
- By (1-Nm .
IfL>B+R M= e HEHI=NMo o1 decreases with L. Consequently when my <

ﬁ(Mmin_ Te P
ﬁ(Mmin_ TePp—

525 R)), M cannot exceed M™™ either. In summary, when mg < m/™n" =

no finite z* can be solved from Equation (6).

o @ (1-B) H(1-N)my
g

(550)):

and increases
By (1-Nme

with L. Then let L' = R/(1 — @(w» When L > B+ R, M = o2 (F)

(e

and decreases with L. Then let L" = B/ @(%ﬁl_’\)mg) It is easy to show that when

2. For a given my > m/™" when L < B4+ R, M =

IV < L < LM we have M > M™2»  Next we need to show that the existence of the
equilibrium cutoff * for such L.

— _ _ _E m
Sufficiency: When L < B+R, M = 0@ (1= F)+(1-N)my

, then when M/™in <Z

-1 (1-F)+(1-N)me

* q

we have max © > 0. i.e. there exist finite x

x*

. oo d B “\m
L>B+R M= 0= (7 ):(1 Nms , then when we have MM < ¢ 1(L)U+(1 Mo Therefore

satisfying Equation (6). Similarly, when

there exist finite z* satisfying Equation (6).
Necessity: When the finite z* satisfying Equation (6) exists, then we must have max
o ® 1 (1-B) 4 (1-M\)my >

0@ (1-B)+(1-N)my

ﬁZO.WhenL§B+R,M:

Mmin, Similarly, when L > B + R, we must have 22 ( );r(l Nmo - pmin,

, then we must have

Finally, because the payoffs satisfy the increasing return condition, we know for any type
x, remain neutral is a weakly dominated strategy. Therefore Inequality (7) is held when

T =z [
To prove Proposition 4, we need the following lemma:

Lemma A.2. When the finite cutoff can be solved from Equation (6), and let x* denote the

ox* (L7m9)

5 <0

cutoff with smaller value when there are two solutions for Equation (6), then 1.

when L < B+ R, 254=m0) ~ 0 when L > B+ R. 2. —8"3*6(51’;”9) < 0.



", M) —(Yr —B)

Figure 1: 4 represents the utility difference between joining the rebellion and turning in the leader. The
cutoff which is consistent with the equilibrium is solved from @(z*, M) = 0. Solid curve-u(x*, M) represents
the case when there exist two cutoffs ! and z". For a given x*, @(x*, M) is decreasing with M. The dashed
curve a(x*, M™"), 4(x*, M') represent cases when there are one cutoff and no cutoff respectively, with

M’ < M™ir < M.

Proof of Lemma A.2. : Since z* is the smaller cutoff threshold, it means when other
parameters are fixed, x* is less than or equal to 2™**, where 2™ is the maximal point of 4.

For any z* € (—oo, ™), du/0z* > 0

Define - B
_ B
f = max {x* — 097! (1 — %), r*— 0.7 (f) }

1. By implicit function theory,

é%((bél /L—%(((XR—QB)J:*+BR_BB+’YR—’YB) < 0’ $ T < B n R’

. o S =
ai _ _ 9oL _ —¢A((ar—ap)z* +Br—Pp+7R—78)+(1-®)(ar—ap)
oL 88;:* $%= (0" & ((ar—ap)z*+Br—Bp+Yr—7B) >0, ifL>DB+R,

—0A((ap—ap)z*+Br—Be+Yr—7E)+(1—-®)(ar—ap)

where 97! = @71 (1 — ), @' = @71(§), ¢ = o("AGAm), @ = (TR,
2.

0 omg _ 6122 ((ag — ap)a* + Br — Be + 7r — 78) Iy
dmg e —¢A((ar — ag)z* + Br— B +vr —78) + (1 — ®)(ar — ap)

Proof of Proposition 4. Let’s proof the second part first.



ue |~ o (@ E)o(5me) >0 L< B+ R
aL - ¥ _ ) A_m . — _
_(Vj_ZR)(%—L + Us(‘bgl)’%)qﬁ(ea—g") <0 ifL>B+R

By, Lemma A.2, ug is increasing with L when L < B + R, and decreasing with L when

L > B+ R. Therefore L = B + R can let uo achieve the maximal value for any given my.

Quo(mo.BAR) _ _ gy 02" (me. B+ _ 1)1
09

1. Furthermore uq increases with mgy because
Oomy Oomy

When my — —, we have ug(mg, B+R) — —oo; and when my — +00, ug(mg, B+R) — V >
0. Therefore there exists unique mj, such that uo(m™®, B + R) = 0. Moreover m;}, > m™®,

because u(m™® B+ R) = —vx. O
Next we begin to proof the results for the two-cutoff strategy.

Proof of Lemma 2. Since the equilibrium condition only involve one equation: Equation
(4). Tt is straightforward to prove this Lemma by following the proof of Proposition 2. Let

min

the minimal my needed to solve the cutoff as m] O

Proof of Lemma 3. Same proof as Proposition 2. Let the minimal my needed to solve the

min

cutoft as mj O

Define the following notations:

(1 —®(Ar — M))(arzr + Br + VR) — VR
(1 —@(Ax — M))(anz + By + Yv) — v,

(1 —®(Az — M))(apx + B +v8) — VB,

Uy — Up = (1 = ®(Az — M))((ar — an)x + Br — By +Yr — V) — (V&R — IN),

s

N

Es5=55=
Il

Up —up = (1 = ®(Ax — M))((ay —ap)r+ v — B+ v — vB) — (\v — B)-

Proof of Proposition 1. :
First, we prove some properties for the notations defined above. Similar as Lemma A.1, u,,

is also single peaked, and increases with M when x > —(8r— v +vr—7~)/(@r—an). Then



there exists a M{™" such that Au,.,(x, M{"™) = 0 has one finite root. For any M > Mmn

Au,,(z, M) = 0 has two roots. For any M < M{™™ Auw,,(z, M) = 0 has no finite root.
We use 2! and 2" to denote the small and large root respectively, for Au,,(z) = 0, when

Oun (zt, M)
an

>0, it

they exist. Since we only care about small root 2!, I only focus on 2!, and 2" has the similar
oM

properties. By the Implicate Function Theory, it is easy to show z! is a decreasing function
Planz! + By + ) [(—A +
_ BN
an

< 0. It is because
1-&
¢ anz'+BN+IN
l
Aup (z*,M) < 0,

A, (xt, M)
]. We have 22 < 0. (anz' + By +vn) > 0 because 2! >
oM

¢

of M.
Next, we will show =777
1-o ay )5_xl _
oM
(actually ' > 0). Similar as the proof in Lemma A.1, we have —A +

ane!+BN+IN
is because wu,(z, M) is an increasing function of x before its peak. Therefore

and 8“"5”]’;2’1‘4) < 0 because ! is the solution of u, — u, = 0.
Similarly there exists a M3™™ such that Au,(z, M) = 0 has finite roots. For any
0, if it exists. It is easy to

M > M Auy(z*, M) = 0 has two roots. For any M < M3 Awu,(xz, M) = 0 has no
finite root. We use 2 to denote the small root for Aup,(z) =
show that 2" is a decreasing function of M and wu,(z"'(M), M) is decreasing with M. Due
to the decreasing return condition, we have /(M) < z!(M)
If there exists a pair (x%, z},) which is consistent with the equilibrium for given (my, L),
(A.2)

it must satisfies:
(1=®(Azg — M(mq, L)))((ar — an)zg + Br — BN + 7R — V) — (YR — ) =0,
—2y — M(my, L)))((an — ap)ry + By — B + v —7B) — (\W —78) =0,
(A.3)
(A.4)

1 A
1—d(—x% —
( (UJCR o
_ R B
xp — 0D 1(1—z) >y — 0P 1(3),
xRZxNv (A5>
B+ o



(1-B(ay — 2y — M(mg, L)) (o — )k + B — O + 1 — ) — (78 = 1) = 0,

(A.6)
(1-®(Azly — M(mg, L)))((an —ap)zly + By — B+ —v8) — (W —78) =0, (A7)
rh— 0P 1 - F) <aly — 0.0 (%), (A.8)

vy > T, (A.9)

where M = %(I)*l(%) + L2my.

Next we need to prove the following lemma

Lemma A.3. For any given my and L, two cutoff thresholds (x% (mg, L), x5,(mg, L)) exist,
which is consistent with the equilibrium, if and only if M™ < Z=d~1(1 — %) + ?mg and
My < 2071 (B) £ B,
Proof of Lemma A.3.
Sufficiency: For any (mg, L) with &~ (1 — ) 4 22, > Ain and 22@-1(B) 4 122, >
M3 et 2% (myg, L) and x (myg, L) be the solutions for equation (A.2) and (A.7) respectively.
For this fixed my, if 27 — 0.® (1 — &) > 23 — 0.0 (£), then when we choose a larger
L, the solution 3 (mg, L) will increase and x%;(my, L) will decrease, therefore the left hand
side of this inequality will decrease and the right hand side of this inequality will increase.

We continuously increase L until L = L’ such that =% — 0. ® (1 — LE,) = 2% — 0. D71 (2).

iz
That L' exists because ®~1(1 — %) approaches +o0o and <I>_1(§) approaches —oo, and both
x5 (mg, L) and z3 (me, L) exists with finite value when L is sufficiently large.
Similarly, when z% — 0. ®1(1 — %) < TN — an)*l(%), we can decrease L to get the

equality, and let L” be the solution to hold the equality.

We must have L' (mg) = L" (my), it is because any x%(my, L) satisfying (A.2) is monotonously
decreasing with L, and x(my, L) satisfying (A.7) is monotonously increasing with L, there-
fore (x%(mg, L), T (mg, L)) satisfying (A.2), (A.7) and z% — 0.~ 1(1 — %) =z} — 05(13*1(%)

is unique for a given my.



|

For a given mg and L, first, we focus on the case when M{"" < 2=@~1(1 — &) 4 L2y,

and L < L'(my).

Claim 1. For given (mg, L) When M{™ < =&~ (1 R)—I——’\mg and the pair (x(mg, L), 25 (me, L))
satisfies (A.2)-(A.4), it must satisfy (A.5).

Proof of Claim 1: When M™" < 2Z=®~(1 — ) + =2my. Let a7, be the solution solved
from (A.2). For a given z}, solved from (A.2), let 2%, be the solution solved from (A.3).

When (z}, z}) satisfies 23, — 0.®7(1 — &) > 23, — 05@*1(%), we have

— Az} Os . _ R 1—A .
(1—a( o R—;‘b 1(1—5)— . mg))(anTr + By +N) — TN
= up(Tp)
> up(2h)
Th — ATt Os - _ R 1—AX .
= (1- q’(% -2 (11— 1)~ ——me))asrr + Bp +78) — 75.(A.10)

The first equality comes from that z7 is solved from (A.2) and the definition of w,. The
second inequality comes from that M = 2=o~1(1 — %) + ?mg and z7} is the indifference
point between participation and remain neutral, at this point, the utility from betraying the

leader is less than that from participation. The last equality is the definition of ;. Since

x%—/\a:*N_%q)fl(l_}_?)_l—/\

o o L o

(1—9( my))((an — ap)xy + By — B + v — VB)-

is an increasing function of 2%, and we have

— AR oc R 1-) .
(- AR Teqo( ) 1= A ) (o —an)e+By—Batrw—m)— (v —7a) > 0.
o o L o
Therefore we have 7}, solved from (A.3) is less than 7, solved from (A.2). 0,
Next, define my™ satisfies M = Z~1(1 — £) 4 Bdppmin — ppin — 2ep-1(B) 1
ﬂ min

—2my"™. For any (mg, L), when m§™ < my, we have the following claim:

Claim 2. For any (my, L), when M{™ < Z=d~1(1— R)—i——mg, myt < my, and ¥’ (my, L),

x(my, L) satisfying (A.2) and (A.3), then we have x% — 0. ®71(1 — }g) >N — 06(1)71(%)'



Proof of Claim 2: For the given my with m§"™ < my, we know there exists a L'(my)
such that (z3 (me, L'(me)), 25 (me, L'(my))) satisfy (A.2) and (A.7) with =} (me, L' (me)) —
0.8 (1 — =) = @ (mg, L' (mg)) — 0.0~ ().

h— 0. P71 (1 — f) = 1 — 0.7 1(£) is not possible, because L < L'(mg) and L'(my) is
the unique L satisfying satisfy (A.2) and (A.7) with 2% (mg, L'(mg)) — 0.® (1 — L)

i L'(me)
x (me, L' (my)) — asq)_l(%).

Now assume 2§ — o.®~ (1 — £) < 2% — 0.®7'(£). By the continuity of the solution,

we can choose a L¢ with L' — L < €° such that the solution x%(mg, L¢) and x(me, L)
solved from (A.2) and (A.3) has the following property that z%(mg, L) — 2% (mg, L' (myg)) >
'y (mg, L) — x(mg, L'(my)). It means that we choose L¢ smaller than but close enough
to L'(mg) such that the increase of 7, is larger than the increase of z3,. Then we have
zh(my, L) — 0. ®71(1 — —) > i (mg, L) — aaéfl(g).

Next, we need to show that this L¢ can be found. We have

Q 1 + (1=X
Oy (mg, L) ¢ a0l 7 Jajp(my, L)
P 1-)
OL 1(;3(1)95 +m+(a) oL
AN —*B
where & = (=2 —rp— %= 1(1—L—}Z)—ﬂm9) ¢ is ®’s density function and & = @(—m?v_g/\x} -

TR
=p~H(1 - —) — 2my) and ®’s density function.
At myg, L'(my), ® = & and ¢ = ¢. Because x%,(mg, L'(myg)) > ¥ (my, L'(my)) and

decreasing return condition, we have a%;(mg, L'(mg)) + W > x3(me, L'(mg)) +

BN 5B+’YN 7B ~ (). Therefore |axN my,L) | < |awR me,L) | at (77107 L/(mg)), furthermore, it means
N—QaB

there exists an ¢ such that any L satisfies 0 < L'(my) — L < €° can be our L°.
After that, since % (mg, L) — 0. ®71(1 — —) > xy(me, L°) — O'E(I)_I(LEC) and x5(mg, L) —

o.®7 (1 — %) < zi(mg, L) — aECID_l(%), by the continuity, we must have a L? such that

iy (mg, L) and x(mg, L%) satisfy (A.2) and (A.3) with @} (mg, LY) — 0@ (1 — £) =
oy (mg, L) — UE(I)*l(L%). It is a contradiction with the uniqueness of L'(my).
Therefore we have @ (mg, L) — 0.9 (1 — &) > 2% (my, L) — 0.7 (£). O
So far, we prove that when M{™ < Z=®~1(1 — %) + =2mg and L < L'(my), there exist

(% (mg, L), x5 (me, L)), which is consistent with the cutoff equilibrium.

9



The case that when MJ"" < %CI)_I(%) + =2mg and L > L'(my) is similar with the
discussion above.

Necessity: Suppose two-cutoff thresholds (x} (me, L), x5 (myg, L)) exist,

For any my and L with M < 2@~ (1— )4 24, but Mpn > 22o—1(1— £) 4 =2,
then %, and z%, can only be solved from (A.2) and (A.3), however, these solutions cannot
satisfy (A.4) by Claim 2. Similarly, for any my and L with M0 < %(I)_l(%) + =2my

but Mmin > %@’1@) + =2my, then z} and z} can only be solved from (A.6) and (A.7),

however, these solutions cannot satisfy (A.8). Finally, when M > Z=@=1(1 — £) 4+ =2,

and My > 2o~ (B) 1 122, then no finite a7 and x can be solved.

Now we have finished the proof of Lemma A.3 U

min —

From the above proof, let m™" = m["" then we prove the first part of the proposition.

For any given mg, let L' be the solution of L such that M = =&-1(1 — &) 4 =2,

and let L" be the solution of L such that My» = =@~ (L) 4 =2y,

[

Then we prove the second part of the proposition. O

Define some notations:

O, = B(Azt, — 7O (1 — %) ~ D),

and ¢ is ®1’s density function. A = (1—X)/o, D = (1 — A\)mp/o and 7 = 0. /0.

B
Dy = O(Axyy — Tcp—l(f) - D),
and ¢ is ®o’s density function.
* —1 R
O3 = P(Azx" — 70 (1 — f) - D),

and ¢3 is P3’s density function.

On the equilibrium path, 27 is solved from

(1—®(Azy —7071(1 -

)~ D)){(an — )k + B — B+ 78— 1) = 7R — I

10



M = 2=~ (1

min

L=R L=R+B

Figure 2: 1. Any point (L, mg) between M™" and Mi™™ represents the finite cutoff pair (2}, z}) existing,
which is consistent with the equilibrium. 3. Curve M™" and MIM" represent the influence thresholds
separating the two-cutoff strategy and no finite cutoff case when the participation condition is the dominant
condition and when the maintaining secrecy condition is the dominant condition respectively. 4. 77"53““’rl

represents the lowest level of mg by which the leader can motivate positive participants. 6. L* represents

the balance points for the participation and maintaining secrecy conditions.

By Implicit Function Theorem,

o, 1 LR AL 1-2)
P - T 1 1 _ A(T(I)/c 120 )
mo o1 px _i_BR*ﬂNJr’YR*’YN me o
R ap—an

1 R OL 1-—2)\
(P
Bl(T © Domy | o )

— 1-9 1
where B = ¢1 gty PREPNTIR=IN A
R ap—apn

xy is solved from

B

o * —1
(1—®(Azyy — 7P (L

) —D))((any —ap)zy + fn — B +n —7B) =TV — 1B

By Implicit Function Theorem,

o, 1 B oL 1-2X
= - T = — 4
8m9 1;);{)2 * BN7513+7N*VB - A( BoL? 8m9 o )
ayt an—ap
1 ,.B oL 1—2)

= _E(_T B L28m9+ o )

11



_ 1-ds 1
where By = - — — A
2 ¢2 z}kv_‘_ﬁj\r BBHIN—YB

. aN—aB
z* is solved from

~| =3

(1-®(Az" =79 '(1— =) — D))((ar — ap)z* + Br— B +Vr — VB) = TR — VB

By Implicit Function Theorem,

Ox* 1 ( @,_1}? oL +1—A)
= — T c _—
Omg 1;;1)3 m*+5R—ﬁlB+WR—VB —A L2 Omy o
_ 1 <05 1R OL 1-— )\)
 Bs'o ¢ L2Omy o
where B3 = 1;5;{)3 z*+ﬁR—ﬁg+vR—WB — A

Proof of Proposition 3. We begin with the second part of this proposition. If leader

starts a rebellion, he will choose [ to minimize #*. From the proof of Proposition 77, we

know for any given my, there exist L'(my) such that gz — 0. ®1(1 — %) =N — agq)*l(%),

where xp is solved from (A.2) and xy is solved from (A.6). Then if L < L', we have
rh— o071 — %) >y — UECID_l(%). Similar as the proof of Lemma A.2, we have z7, is a

decreasing function of L and z} — 0. ®1(1 — }%) is a decreasing function of L too. If L > L/,

B

we have o, — 0.®71(1 — &) < 23y — 0.®71(£), and z}, is an increasing function of L and

B
L

*

rh — 0. ®71(£) is an increasing function of L too.

Therefore, the optimal group size under two-cutoff case is L such that z%(mg, L) —
o (O (1— 1)) = 2%, (mg, L(mg)) — 0.®~(£), through which (L, mg) can reach the minimal
point and the leader’s utility achieves the maximal point.

Next we will show that L* is a decreasing function of my. If any given my, g—f; > 0. Let

oy and a7}, are solved from Equation (A.6) and (A.7). Then we have

1—§

1 A
(o

[
2 « | BR—BNTIR—IN *
Ozl (my, L) _ ¢ ap+- it Oz’ (mg, L)
om 1-% 1 A Om
0 b o= +BN—/3B+WN—“/B + o 0
N any—ap

where & = ®(T 2k — 2 (L)~ 2my), ¢ is &’s density function and & = @(—(1_2)x7v —
1

"f@_l(%) — 22y) and ¢ is ®’s density function.

12



At any L*(mg) and mg, ® = ® and ¢ = ¢, so we have | X me’L)] < |xR((9m9’L)| and we also

know both of these derivatives are less than zero. By the continuity, for another mj, that is less

than but every close to my, for the same L*(6), we have x5, —0. P~ (1——) > ay—0. 07N (L).

However, since % > 0, for any (L*(myp), m') with my < myp, we muse solve z}, and
z% from Equation (A.6)-(A.9). It means z} — 0. ®1(1 — Lﬂ) < TN — O’ECI)_I(LAZ). It is a
contradiction.

If g—rf; = 0, take derivative on z% — 0. ®1(1 — %) =Ty — 08@71<%) with respect to mg,

then we have "X émG’L) = x*Rém"’L) It is a contradiction with |xN ™o,k | < |xRém9’L) |
So we conclude that o< 0,

On the equilibrium path, x’y, is solved from Equation (A.2) and x; is solved from Equation
(A.6). When my goes to positive infinity, both x%, and z} approach zero, so L*(#) goes to
B+ R.

Since the leader’s utility function is an increasing function of mgy on the equilibrium path,
and when my < m™®, his payoff is negative. When my goes to infinity, his payoff is positive.

So there exist a my such that leader will initiate a rebellion iff my > mj. O

Proof of Corollary 1. When vz = 7y, 'yg f;]fvv =00 > ‘;x :BB which satisfies the increas-

ing return condition. The rest of the proof just follow the proof for one-cutoff strategy. [

The leader would select L*(my) to stage a rebellion and the threshold for the civilians
would be x}(L*(mg), mp) and x5 (L*(my), mg) on the equilibrium path. The thresholds

satisfy the following equations:

(1-B(Az(L7) — 787 (1~ 15) ~ B)((n — ow)rh(L%) + Br — B + 1 — ) =1~
(A.11)
(1= (A3 (1) — 707 (1) — B))(ay — ap)ay (L) + B — B + 9 = 75) = W0 — 75,
(A.12)
e e BB
FR(L) = 0.0 (1 = 25) = R (L) — 0.0 (1) (A.13)
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Under collective punishment, the leader chooses L* = B + R and we have z5(L*) =

'y (L*). cutoff threshold for the civilians satisfies the following equation.
(1=®(Az"(L")=7®" (1= =)= B))[(ar—ap)2" (L") +Br—Bs+yr—78] = 7r—78), (A.14)
we have % (B + R,m™) = 2%(B + R,m™) = 2*(B + R, m™?).

Proof of Proposition 5. First, since when my goes to infinity, both z} and z7 approach
r*. So we pick a very large my and denote it as m™ such that z% = 2% = z* (They are
not exactly the same, but very very close).

Since ar — ay is finite, we assume it is less a constant g, and ay is greater than a
constant v. On the equilibrium path, since ag > ay, we use a constant d to denote the

distance between ar and ay, i.e. ag —ay = d and bounded by 0 and g, for any given &,

-1_B
(B+R)2 dm

there exist a vy such that when ay > v, then —UE(ID( ) > go > 0. It is because

for given agr and ay, 8—m0 < 0 at my < m™4. And when ay increases z% decreases, and

x% — % increases, therefore 2% is an increasing function of ay on the equilibrium path
R N ’ Omy

when mg < m™e4,

When ay > vy, we have

- 1(€+1—)\) 1 1-M
By " By, o '
1 1 1 .1—X

- = = . Al
B2€0 (BQ B3> o ? ( 5)

There exists a vy such that when v > vy we have 0 < (Bl3 —5;) <eand geo + (5; —
552> ga—e52 >0

Therefore when ay > v = max{v, v}, we have that (%N < 92 < (0 at m™?. By the
continuity, we have x73; > x* at least in a small interval (mmd —€ ,mmed].

Start from any my < m™? with a3 (L*, mg) > x*(B + R), we have x%(L*,mg) —
o® (L) > 2*(B+R)—o®" and Az (L*) =70 (£)~ D > Az*— 7071 (ZE-) — D.

B¥R
Therefore =22 < 1=%3 and B, < B; (under the condition ay > vy and agr — ay = d > 0).

o2 @3

(5m)
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As a results gw—nzg < g—ﬂf;. It means once mg < m™4 x% > x* always. Furthermore
0TF = a3, (L*) — 0@—1(%) > 0*°F = 2*(B+ R) — U@fl(%). Therefore, TP has higher

survival probability.

]

Proof of Proposition 6. Since ﬁ = h is finite, we denote its upper bound as h, and

ay — ap is less than a constant ©'. The proof is similar as the proof of Proposition 5,

we just give a sketch as follow. Let vy — v and ay — ap smaller enough to guarantee

11 . oe F/—1 R _OL 1-\ 1-) dxp dz*
B~ B; smaller enough, then since Z=®%" 73 oy T 50 < %o Then we have o < Hma

at m™?. Since % = h is finite, we denote its upper bound as h, which can guarantee

oL

By has a uniform low bound which is greater than 0, when vy — v and ay — ap are

smaller enough. By the continuity, we have x% < z* at least in a small interval (m™? —
g” mmed]. Start from any my < m™ with 2%(mg, L*(mg)) < z*(my, B + R), we have
z(me, L*(myg)) —o®~( Tim )) < z*(mg, B+ R) —o®"~ (1—m) and Ax,(mg, L*(mg)) —
P11 — L)) — 1;m9 < Ax* — =071 (1 — £) — =2, Therefore % > % and

( B+R
, Tp < z* always. Furthermore

By > Bs3. As a results < 92 Tt means once my < m™?

0T = xR(me,L*(me)) —0d” (1 - %;Le)) < 097 = *(mg, B+ R) — 0@ (1 - 5lp).

min min

Consequently, the leader has a higher starting point in CP i.e. mgp > mipp. Therefore, CP

has higher survival probability in this case.

O

Proof of Corollary 2. For a given my, using Equation (1) and (2), when w = 0, x%, and

xy can be solved from

ap — N 1—-P

cxH = —— +E&. A.16
YR—N P ¢ (4.16)
any — ap 1-P

— = —— +&. A.17
W=7 P ¢ ( )

We 23, > z3y. By adding w into the first equation, we have

R — QN w 1-P
Yr—w =N P (A.18)




. Then we can always find w large enough to to let the z% solved from this equation less
than z%, from Equation (A.17). It means there is no two-cutoff strategy, only the one-cutoff
strategy exists under targeted punishment, then two punishment rules have the same survival

probability. O]

Proof of Corollary 3. :
Assume B! is the government’s optimal choice under collective punishment. Since the

parameters « and [ satisfy the conditions of Proposition 5, we have

R-PiP(0,B') — C(B',N) > R- PSP(0, B') — C(B', N).

sur sur

By the continuity, there exists a B?> < B! such that C'(B?% N) < C (B, N) and

R-PIf(0,B%) — C(B*,N) > R- PSP(6, B') — C(B', N).

sur sur

Therefore, under targeted punishment, the government can achieve no worse than the optimal

expected payoff under collective punishment by choosing a weakly smaller 5. O
Proof of Corollary 4. : Similar as the proof of Corollary 3. [

Proof of Lemma 4. In this case, the type z civilian’s expected payoffs for remaining neu-

tral under TP is

0T (mg, L) — Az — (1 — X)my
o

(1 — & N(ans + By +8 —7) + N

The equilibrium strategy for the supporters can be calculated using the same way as before.
Let x},(mg, L) and x5, (mg, L) be the two thresholds which are consistent with the cutoff
equilibrium for the two-cutoff strategy. For a given my on the equilibrium path, x3;, (mq, L),

Tk, (Mg, L) and the optimal Lsz(mg) chosen by the leader must satisfy the following equations:
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(1—®(Axs, — %qfl(l - %) — ?me))((&R —an)Th, +Br =B+ YR — W —7) —(r—N) =0
(A19)
(1= Bz}, — Z07(F) — 2 2mg))(an — an)ok, + b~ fs +ow =75 = 7) ~ (5~ 75) = 0
(A.20)
2 (ma, L) — 0.0 (1 - %) — &% (ma, L) — 05<I>_1(§). (A.21)

It is easy to see when # is very large, then no solution can be found from this system
of equations, so there is no two-cutoff strategy. But the one-cutoff strategy always exists

because 7 is not involved into it. O]
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