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A Campaign Equilibria with one interest group

A.1 Proof of Proposition 1

Proof. We prove each result separately.

(a) Suppose there exists a positive advertising campaign equilibrium such that unad-
vertised challengers are winning. That is, suppose there exists an equilibrium strategy
v(6) such that y(6) > 0 for some 0 € (—z,2), and that V ;¢ > 3. Since Ve = 3, We
have that X € (z,0). Consider a challenger type 6’ € (—z,2) such that y(8’) > 0. Sup-
pose the interest group deviates to y'(6’) = 0. Then the vote share of challenger type
0’ is V. Which is weakly greater than %, and so, challenger type 6’ wins the election
against the incumbent. In fact, for all challenger types 6 € (—z,z) such that y(6) > 0,

the interest group can deviate to spending nothing. These challenger types would still
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win, at no cost to the interest group. Thus, y(6) cannot constitute a PBE. Therefore, if
y(0) is a positive advertising equilibrium strategy for the interest group, then V,;.¢ < %
And so, by the definition of V¢, we have that either x < z or X > 0.

(b) Similarly, suppose that there exists a negative advertising campaign equilibrium
such that unadvertised challengers are losing. That is, suppose there exists an equilibrium
strategy y(6) such that y(6) > 0 for some 0 € [—1,2) U (—z,1], and that V_; < %
Since Vi < %, we have that either ¥ < z or X > 0. Consider a challenger type 8’ €
[—1,2) U (—=2, 1], such that y(6") > 0. There are two possible cases, either 8’ € [—1,2)

or 8’ € (—z,1].

Case 1: 6’ € [—1,2). The interest group prefers that these challenger types lose to the
incumbent. Suppose that the interest group deviates to y(6’) = 0. Then, the vote
share of this challenger type is V ;s Which is strictly less than %, and so, challenger
type 6’ loses the election against the incumbent. For all challenger types 6 € [—1,2)
with y(0) = 0, the interest group can deviate to y(6) = 0, and these challenger

types would continue to lose against the incumbent, at no cost to the interest group.

Case 2: 9’ € (—z,1]. The interest group prefers that these challenger types win against
the incumbent, but the median voter prefers the incumbent over these challenger
types. Since the median voter prefers the incumbent z to 8’, we have that V, ((0") <
2. As Ve < 3, no matter what y(0’), challenger 6" will lose to the incumbent.
Thus, the interest group can deviate to y(0’) = 0. For all challenger types 6 €
(—2, 1], the interest group can thus deviate to y(6) = 0, because they will lose to

the incumbent z no matter what.

Thus, y(6) cannot constitute a PBE. Therefore, if y(0) is a negative advertising campaign
equilibrium strategy for the interest group, then V,; > % And, as a result, we have that
x € (z,0).

(c) Since V., cannot be both weakly greater than and less than %, and because
of parts (a) and (b), we cannot have an equilibrium which exhibits both positive and
negative advertising.

(d) By part (a), in a positive advertising equilibrium, unadvertised challengers lose.
Thus, it is not optimal for the interest group to advertise challengers that it prefers to
lose the election (6 € [—1,2)) or challengers that it prefers to the incumbent but would
lose the election if their ideal points were advertised for (6 € (—z,1]). Thus, in a positive

advertising equilibrium, if y(6) > 0, then 6 € (z,—z], and by optimality of y, equation
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Equation 8 holds. If moreover 6 € (z,—z), then Equation 8) and part (a) imply that
Vine(6) > %

(e) By part (b), in a negative advertising campaign equilibrium, unadvertised chal-
lengers win. Thus it is not optimal for the interest group to spend money on advertising
any challengers that it prefers to the incumbent (6 € (z,1)). Thus, y(6) > 0 implies that
0 < z. Since 0 is to the left of z, it is worse for the median than the incumbent is. And
so, Vi.((0) < % ]

A.2 Positive advertising equilibria
A.2.1 Proof of Lemma 1

Proof. By Proposition part (a) of Propositionl, the challenger receives a vote share of
less than one half among uninformed voters. Thus, either X > 0 or X < z. In case x > 0,
we have for all 6 € (z,—z],

G(x)—3
G(xX)—G (&)

reo)
Let R _ denote the strictly negative real numbers. Define A: . — R and B: [z,—z] —» R
by
G(x)—3

X+z

Alx) = and B(x)=G ( ) — G(%),

and note that we can write I'(6) = A(B(0)). Clearly, using ¥ > 0, the function A(-)
is strictly increasing and strictly convex. By Condition 1, g(-) is weakly single-peaked at

zero, so that g (%) is weakly increasing on (z,—z], and thus G (%) is weakly convex on

O+z
2

on (z,—z]. Combining these observations, the function B(:) is strictly increasing and

(z,—2z]. Moreover, as g(-) is positive on (z, 0], it follows that G( ) is strictly increasing
weakly convex. We conclude that I', viewed as the composition A(B(-)), is strictly convex
on (z,—z].
In case X < z, we have for all 6 € (z,—z],
53— G(%)
1-G(%2)-G(x)

2

rQo) =

Now define A: . — R and B: (z,—z] — R by

1_G(x)
2
Alx) = —

X+z

and B(x)= G( )+G()‘c)—1,
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so that again I'(0) = A(B(0)) for all § € (z,—z]. Again, using X < gz < 0, the function
A(+) is strictly increasing and strictly convex, and the function B(:) is weakly convex and

strictly increasing. Thus, I' is strictly convex on (z,—z], as required. O

A.2.2 Proof of Theorem 2

Proof. Since v is positive advertising, either X < z or X > 0. Note that

f(0)/o if0 ¢[0,0],
f(0)1—v(0))/o else,

where o < 1 is a scale factor defined by

f(O|uninf) = {

0
o = F(_G)+J £(0)(1—7(0))d6 +(1—F(6)).
0

Therefore, using the fact that [0,0] C [2,—z], we have

1
E[O|uninf] = f 01 (6|uninf)d o

-1

_ %(J 9f(9)d9+J 9f(9)d9)+J_ 6 f (6luninf)d6.

-1 —z

€[0,1], we can write

. __ F(2)+1-F(—=2)
Letting T = —————

—Z

E[O|uninf] = TE[9|9¢[Z,—Z]]+J 01 (6|uninf)df. (A.1)

z

In fact, it can be checked that fz_z f(@|uninf)d® = 1 — 7. Then we can define a new
density function f(-) by

f(O|uninf) .
. —— if0 elz,—z],
9 — 1-7
£(9 { 0 else,
and we can rewrite Equation A.1 as
E[0|uninf] = <TE[0[0 ¢ [z,—=z]]+ (1 —1)Ef[6].

Clearly, we have E;[6] > z, and by assumption of the theorem, we have E[0[0 ¢
[2,—2]] > 2, and therefore E[O|uninf] > z. This implies x > z. Since either x¥ < g

or x > 0, we conclude that x > 0, as required. O
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A.2.3 Proof of Theorem 3

Proof. The proof proceeds in four steps. First, we define the spending decisions of the
interest group as a function of the position of the uninformed indifferent voter, X. Second,
we define the posterior expectation and variance of the challenger’s location, conditional
on a voter not observing an advertisement. Third, we use these moments to update
the location of the uninformed indifferent voter. This gives us a continuous mapping
4y :[0,1] — [0,1], and by Brouwer’s fixed point theorem, it admits a fixed point, x*.
Finally, we show that x* corresponds to the location of the indifferent uninformed voter
in a campaign equilibrium, and we show that if a is sufficiently small, the equilibrium
exhibits positive advertising.

First, to solve the optimal spending problem of the interest group, we define the cost
function I': [0,1] x [2,—2) — R by

o G(X)—3
r(x|e) = mln{l’G(i)—G(%)}’

which gives the minimum level of spending required to ensure that the informed vote
share of a challenger type 0 € [z,—z2) is sufficiently high to secure the election for the
challenger. Note that for all 6 € [2,—z), I'(x|0) is continuous in x. Given this cost

function, define y: [0,1] x [2,—2] — R by

I'(x|0) if @ >—zand B(0)= al'(x|0),
0 else,

r(x[0) = {

which gives the optimal spending of the interest group in response to x. Since f3 is strictly
concave and I'(x|0) is convex in 6, it follows that for almost all 8, y(x|6) is continuous
in x.

Second, given the spending decisions of the interest group based on x, we define
the posterior mean and variance of an uninformed voter’s beliefs about the challenger’s

location by

E[0|%] :J 0f(6]%)d6 (A.2)

-1

1
V[O]x] =J (6 —E[0]x])*f(01%)d0, (A.3)

-1
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where the conditional density in Equation A.2 and Equation A.3 is defined as

% if 0 € [—1,z) U(—2,1]
f(0lx)= (1—y(x|O)F(O) | o
_ if 6 € [2,—2],
D(x)

and the denominator in Equation A.4 is defined as

D(>‘C)=f f(9)d9+f f(9)(1—Y(>?|9))d9+f f(0)do.
-1 z —z

Third, we use these moments to update the location of the uninformed indifferent
voter according to a mapping ¢: [0,1] — [0, 1], so that given any X, the indifferent un-
informed voter is located at 1(x). To define this function, we consider the analogue of

Equation 5, namely,

*

X

E[0'|x]+z \YICHES

-T2 2(B[0']%]—2)

and we set ¢(x) = max{—1,min{1, x*}}. Note that y(x|60) is continuous in x for almost
all 6 € [z,—z]. And so, by an elementary application of Lebesgue’s dominated conver-
gence theorem, D(x) is continuous in X for almost all 6. Similarly, another application of
Lebesgue’s dominated convergence theorem implies that the conditional density function
f(0]x) is continuous in X for almost all 8. Thus the conditional mean and variance func-
tions are continuous, as is the above expression for x*. We conclude that the mapping
is also continuous.

Therefore, since 1 is a continuous mapping on a set that maps into itself, Brouwer’s
fixed point theorem implies that vy admits a fixed point, i.e., X* = ¢(x*) for some cutpoint
x* € [0,1]. To show that x* indeed corresponds to the uninformed indifferent voter, we
prove that X* > 0. Suppose toward a contradiction that X* = 0. Then for all 6 € [z, —2),
we have I'(0|0) = 0, and thus y(0|6) = 0 for all challenger types. This implies that
uninformed voters do not update, i.e., f(0]0) = f(0) for all 8 # —z, and we deduce that

1

uy(z) > f uy(0)f()dO = f uy(6)f (61%)d6, (A5)

-1 -1

where the first inequality above follows from Condition 3. This implies that an un-
informed voter at the median voter’s location strictly prefers the incumbent, but then

Xx* > 0, a contradiction. Therefore, x* > 0, as desired.
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Finally, if the set of challenger types that are advertised, i.e.,
¢ = {0€lz,—=z]|B(0) = al(x*|0)},

is nonempty, then let 6* and 0* be the endpoints of the interval, so that &* = [0*, 0*],
and define the campaign spending strategy y by y(0) = I'(6|x*) for all 6 € [6*,06*] and
v(6) = 0 for all ¢ [6*,0*]. Otherwise, if $* is empty, then set y = 0. By construction,
this specification satisfies Equation 7, and therefore y is a campaign equilibrium. Let X
solve max,.c( 1 I'(x|0), and assume a is sufficiently small that aI'(X|0) < u;(0) —u;(z).
It follows that

al(x*|0) < al(¥|0) < uy(0)—uy(2),

and we have 6* < 8*. Thus, the equilibrium exhibits positive advertising, as required. [

A.3 Negative advertising equilibria
A.3.1 Proof of Lemma 2

Proof. By part (b) of Proposition 1, the challenger receives a vote share of greater than
one half among uninformed voters, so that X € (z,0). Thus, we have for all 6 € [—1, 2),
1 -
5 —G(x)
1-G(%2)-6(x)

2

r(o)

—1+z
2

is strictly increasing on [—1,z). Following the proof of Lemma 1, define A: . — R and
B:[—1,2] > R by

,z), by Condition 4, it follows immediately that I’

Since G is strictly increasing on |:

3 —G(x)

A =2—— )+G()'c)—1,

and note that I'(6) = A(B(0)) for all 8 € [—1,z). Clearly, A(:) is strictly increasing

and strictly convex. By Condition 4, B(-) is strictly increasing and weakly convex. We

X+3z

and B(x)= G(

conclude that I', viewed as the composition A(B(-)), is strictly convex on [—1,%), as re-

quired. [

A.3.2 Proof of Theorem 5

Proof. Assume Condition 5, and suppose y is a negative advertising equilibrium. Then
2z <% <0and 6 < z. Note that
f(0)/o if6 >80

f(0|uninf) = {f(@)(l_Y(Q))/a else,
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where o < 1 is a scale factor defined by

o
o = f FOI1—7(6))d6 +(1—F(6)).

Therefore, we have

1
E[uy(0)|uninf] = f uy(0)f (8|uninf)d o

1

= f uo(@)f(0|uninf)d9+éf u(0)f(6)d6

-1 Z

2 1
< (f f(@luninf)d@)uo(z) +éf u(0)f(0)de
-1 Z

— (f_lf(Gluninf)dG)uo(z) i (1_5(2))E[u0(9)|9 >,

where the inequality follows from u,(z) > uy(0) for all 8 € [—1,z]. Note that o >
1—F(0) > 1—F(z), so we can write

Eluy(0)|uninf] < (1 —17)uy(2) + TE[uy(0)|60 = 2]

fort = %(Z) € [0,1]. Finally, by Condition 5, we conclude that E[u,(0)|0 = 2] < uy(2),
which contradicts z < x¥ < 0. ]

A.3.3 Proof of Theorem 6

Proof. We define a fixed point mapping v : [2,0] — [z,0] in two steps. First, define
! [2,0] = [—1,2] so that given any cutpoint X € [z,0], such that uninformed voters
vote for the challenger if and only if 6 > X, the interest group is indifferent between
targeting the type 1!(x) challenger or spending zero. To be more precise, we must
consider the size of the campaign spending needed to secure victory for the incumbent,
assuming the behavior of uninformed voters is given by the cutpoint x. To this end,
define the mapping I': [—1,2] x [2,0] = R by

G(x)—3

rlx) = G(Z)+6(x)—-1

Note that: al'(z|x) > 0, and when a is sufficiently small, al'(—1|x) < u,(z) —u,(—1). If
al'(z|%) < u;(2) —u;(—1), then set 6 = z. Otherwise, if aI'(z|%) > u,(z) —u,(—1), then
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since al'(0|x) + u;(0) is a continuous and strictly increasing function of 6 € [—1,z], it
follows that there is a unique cutpoint 6 such that alI'(6|%) = u,(z) —u,(0) holds, and
we set 1'(%) = 0. Moreover, since I'(8|%) is jointly continuous in 6 and %, it follows
that v !(x) is a continuous function of x.

Second, define 42: [z,0] x [-1,2] — [2,0] so that given any pair (x,0) € [z,0] x
[—1,2] of cutpoints, such that uninformed voters use X and the interest group targets
a type @ challenger if and only if 8 < 8, the indifferent uninformed voter is located at
Y?(%,0). To define this precisely, we must consider the updating of beliefs by uninformed
voters, given the cutpoint. Assuming that the interest group spends just enough to defeat
the challenger for any type 6 < 0, the uninformed voters’ posterior beliefs are given by
the density f(+|%,0) defined as:

f(O)A-I(6]x)) ifO <0

0 _ >
- A _ f(0)(A=r(8’]x))d8’+(1—F(8))
flo1z,0) = { b o
f_glf(9’)(1—1"(9’li))d9’+(1—F(é))

Denote the mean of this density by E[8|x, 6] and the variance by V[6|x, 8]. Define

1{-3[9|5c,9']+z+ V[0|x,0]
2 2(E[0]|%,0]—2)

x* =
and set 12(x, 6) = max{z, min{0, x*}}. Note that ¢*(x, 8) is a jointly continuous func-
tion of X and 0.

Next, we define v (x) as Y (x) = ¢?(x,y(x)) for all x € [z,0]. Since ¢! and 1)* are
continuous, it follows that 1(-) is a continuous function from [z,0] into itself, and then
Brouwer’s fixed point theorem implies that it possesses a fixed point, i.e., x* = ¢(x*) for
some cutpoint ¥* € [z,0]. Set 6* =1!(x*). We claim that
E[6|x*, 0]+ N V[0|x*, 6%]

2 2(E[6]x*, 6+]—2)

holds, so that x* indeed corresponds to the uninformed indifferent voter. To this end, we

P(x*) = (A.6)

prove that X* € (z,0). Indeed, to see that 1(x*) > z, we simply note that an uninformed
voter located at z trivially prefers the incumbent to the challenger. Now, suppose toward
a contradiction that x* = 0. Then for all 6 € [0,z], we have I'(6|z) = 0. This implies
that uninformed voters do not update, i.e., we have f(6|x*,0*) = f(6) for all 8, and we

deduce that
1

1
uy(z) < J u,(0)f (0)d0 =f uy(0)f (0]%*, 6%)d, (A7)

-1 -1
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where the first inequality above follows from Condition 6. This implies that the un-
informed voter at the median voter’s location strictly prefers the challenger, but then
X* < 0, a contradiction. Therefore, x* < 0, as desired.

Finally, define the campaign spending strategy y by y(0) = I'(6]x*) for all 8 €
[—1,6%] and y(0) = O for all & > 6*. By construction, this specification satisfies Equa-
tion 7, and therefore y is a campaign equilibrium. Let X solve max,f, o I'(—1[x), and

assume «a is sufficiently small that aI'(—1|X) < u;(2) —u;(—1). It follows that
al'(—1|x*) < al'(—1]x) < uy(z)—uy(—1),

and since aI'(0|x*) + u,(0) is increasing in 8 € [—1,z], we have 0* > —1. Thus, the

equilibrium exhibits negative advertising, as required. [

A.4 Proof of Corollary 1

Proof. For a proof by contradiction, suppose there is a sequence {z™} that converges to
zero such that for each m, there is a campaign equilibrium y™ such that for some 6,
we have y(8) > 0. Because uy(0) > E[uy(6)|6 = 0], it follows that for sufficiently
high m, Condition 5 holds, and by Theorem 5, with Proposition 1, it follows that y™ is a
positive advertising equilibrium. For such m, there exists 0™ such that $(6™) > aI’™(0™),
where I'™(-) is the minimum spending to ensure victory of the challenger in the model
with incumbent at ™. By Theorem 1, we have 6™ € (z™,—z™], and thus 8™ — 0 and
pe™) — 0.

Note that as the spending interval shrinks to {0}, the distribution of the challenger,
conditional on being uninformed converges to the prior distribution. Using E™[ 8 |uninf]
and V™[0 |uninf] to denote the mean and variance, conditional on being uninformed,
in equilibrium y™, we then have E™[6|uninf] — E[6] and V™[0 |uninf] — V[6]. Since
E[6] > 0, it follows that E™[ 8 |uninf] > 2™ for high enough m, and thus Condition 2 is
satisfied. By Theorem 2, we conclude that x™ > O for high enough m.

Going to a convergent subsequence, if needed, we can assume x™ — Xx. Next, we

claim that x = 0, for suppose toward a contradiction that x > 0. For all m, we have

G(x™) — 3

Fm(em) m4gom *
G ) + G(am)—1
Taking limits, we have
G(x)—3 G(x)—3
lim I™(6™) = () 2 = Lﬁ ,
m=00 G(0)+G(x)—-1 G(x)—3
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and we deduce 3(60™) < aI'™(6™) for high enough m, a contradiction. Thus, the claim
holds.

Finally, note that for all m, the location of the indifferent uninformed voter is defined
by

E™[ 6 |uninf] + g™ V™[ 6 |uninf]
2 2(Em[ 0 |uninf] —zm)

)z.m

Taking limits and multiplying both sides by 2[E[ 0 ], we deduce that
0 = (E[6D*+V[O] > O,

a contradiction. We conclude that there is no such sequence {z™}, and that when the

incumbent is sufficiently moderate, campaign spending is zero in equilibrium. [
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B Campaign Equilibria with competing interest groups

B.1 Proof of Proposition 2

Proof. Let y be a campaign equilibrium.

(a) Suppose toward a contradiction that V = %, and note that the indifferent
uninformed voter is thus located at the median, i.e., uy(z) = E[uy(6)|uninf]. Consider
any challenger type 6 ¢ {z,—z}. Then V, ({(0) # % If 8 € (2,—2), then V,((6) > % If
interest group 1 spends any positive amount € > 0, then we have

1 1
Viule,72(0)16) = (€ + 74(8) — ey L ON(U(8)) + (1= X1 7,005 > 3.
so that the challenger wins. Since group 1 can ensure the challenger’s victory at arbitrarily
small cost, it follows that interest group 1 (along with group 2) in fact spends zero, and
the challenger wins. By a similar logic, if 6 ¢ [z,—z], then again both groups spend
zero, and the incumbent wins. In particular, if V, ;. = %, then for a set of challenger
types with probability one, neither group advertises. But then voters do not update after
failing to see and advertisement, so the posterior density over challengers equals the
prior, i.e., f (:luninf) = f(-). But then uy(2) = E[uy(6)|uninf] = E[uy(6)], contradicting
our assumption that the median voter is not ex ante indifferent between the candidates.

(b) Consider any challenger type 6 ¢ {z,—z}, and assume without loss of generality
that 6 > z. Suppose toward a contradiction that both groups spend a positive amount,
i.e., y1(8) > 0 and y_,(6) > 0. There are three cases. First, assume that the challenger
wins an outright majority, so that V,,,(y,(6),y_,(6)|6) > % But then the outcome of the
election is the worst candidate for group —1, and the group could deviate profitably by
spending zero. Second, assume that the incumbent wins an outright majority, so that
Vie(11(0),7-1(6)]6) < 3. But then group 1 could profit by deviating to spending zero.
In the third case, the election is tied, i.e., V. (y,(0),y_1(8)|0) = %, and the challenger
wins with some probability p = p(y,(0),v,(6), 6).

In this case, note that if some interest group i spends v,;(8) = 1, then we have

V8) = Vi1 (0),74(0)16) =

so that exactly half of informed voters prefer the challenger, but this implies 0 = —z, a
contradiction. Thus, both candidates spend less than one. Next, if V. > %, then we

must have V, ((0) < % But then interest group 1 could deviate to spending zero, and the
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challenger’s total vote share would be

Y_1(0)Vin(0) + (1 — 710 Viming > Vi (71(6),7-1(0)16)

so that the challenger wins. This deviation would be profitable, and since this is impos-

sible in equilibrium, we conclude that V, ;. < % By an analogous argument, applied to

interest group —1, we deduce the opposite inequality. Therefore, V, ;s = % But since
both groups spend less than one, then it follows that V, (6) = %, so again 0 = —z, a
contradiction. O

B.2 Positive advertising equilibria
B.2.1 Proof of Theorem 7

Proof. We prove the most interesting direction. Consider any campaign equilibrium y
such that interest group i uses a positive advertising strategy, so there exists 6 € (z,—z)
such that y;(6) > 0. Note that V,((0) > % By Proposition 2, we then have y_;(6) = 0.
Since group i’s spending is optimal, it follows that the payoff from spending y,(68) > 0
is at least equal to the payoff from spending zero, and thus the positive spending must
strictly increase the probability that group i’s preferred candidate wins. If i spends zero,
then the total spending is zero, so all voters are uninformed, and the challengers vote
share is V,;.r. By Proposition 2, we have V,; r # %, and we conclude that i’s preferred
candidate wins with probability zero if i spends zero; in particular, V, ;¢ < % If i spends
1:(0), then since V() > 3, the challenger’s vote share is strictly greater than Vs,
so the challenger’s probability of victory cannot decrease as a result of the spending.
Combining these observations, it follows that the preferred candidate of the group is the
challenger, and thus i = 1.

Suppose toward a contradiction that there is a challenger type 6 such thaty_,(0) > 0.
By Proposition 2, y,(6) = 0. Again, compared to spending zero, campaign expenditure
y_1(0) must strictly increase the probability that group —1’s preferred candidate wins.

If the group spent zero, the vote share of the challenger would be V.. < %, so the

25
incumbent would win. Thus, group —1’s preferred candidate is the challenger, i.e., 6 < z.
But then V;,¢((6) < 3, and the campaign expenditure y_,(6) cannot lead to a tie or victory

for the challenger, i.e.,

Vtot(Yi(e);Ole) = Yi(e)‘/inf(e)'i'(1_Yi(9))vuninf < Es
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a contradiction. Therefore, interest group —1 always spends zero, i.e., y_; = 0.

Therefore, uninformed voters update as in Equation 2, i.e.,

F(O)(1—7,(6))
[ F(6)(1—71:(67)d6’

and the challenger’s vote share among uninformed voters is as in Equation 6. We con-

f(O]uninf) = (B.1)

clude that the optimal spending of interest group 1, given by y,, is as in Equation 7, and

therefore y, is a campaign equilibrium in the model with a single interest group. [

B.3 Negative advertising equilibria
B.3.1 Proof of Lemma 3

Proof. The first part is proved as in the proof of Lemma 1. For the second part, note that
G is strictly increasing on [O, 1%7’], by Condition 7, and since the equilibrium is nega-
tive advertising, we have x € (z,0). It follows that I"_; is strictly decreasing on [—z, 1].
Following the proof of Lemma 1, define A: . —» R and B: [—2,1] —» R by

AG) = 2260

and B(x) = G(J'c)—G(X—i_Z),

2

and note that I ;(6) = A(B(0)) for all 6 € [—z,1]. Clearly, A(:) is strictly increasing
and strictly convex. By Condition 4, B(-) is strictly decreasing and weakly convex. We
conclude that I'_;, viewed as the composition A(B(-)), is strictly convex on [—z, 1], as

required. ]

B.3.2 Proof of Theorem 8

Proof. We define a fixed point mapping : [z,0] — [2,0] in two steps. First, we update
the campaign spending strategies of the interest groups. As in the proof of Theorem 6,
define xp}: [2,0] — [—1,2] so that given any cutpoint X € [2,0], such that uninformed
voters vote for the challenger if and only if 6 > X, interest group 1 is indifferent between
targeting the type 11(x) challenger or spending zero. To be more precise, define the

mapping I;: [—1,2] X [2,0] = &% by
G(X)—3
G(&)+6(x)—1

n0lx) =
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As before, al;(z|x) > 0, and when a is sufficiently small, al;(—1|x) < u;(z)—u;(—1). If
al}(z|x) < uy(z) —u;(—1), then set 6 = z; and otherwise, if al’;(z]|x) = u;(z) —u,(—1),
then there is a unique cutpoint 8 such that al;(0|x) = u;(z) —u,(6) holds, and we set
w%()‘c) = 0. Moreover, since I(0|x) is jointly continuous in 6 and X, it follows that
1)1(X) is a continuous function of x.

Similarly, define 1/&1: [2,0] — [—2,1] so that given any cutpoint X € [2,0], such
that uninformed voters vote for the challenger if and only if 6 > X, interest group —1 is
indifferent between targeting the type v’ (x) challenger or spending zero. To be more
precise, define the mapping I ;: [—2,1] x [2,0] — R by

G(x)—3
G(x)—G (&)

r,0lx) =

As above, al'_;(z|x) > 0, and when a is sufficiently small, al"_;(1|x) < u_,(2)—u_,(1). If
al’ ;(—z|x) <u_;(z)—u_,(1), then set & = —z; and otherwise, if al' ;(—z|%) > u_,(z)—
u_,(1), then there is a unique cutpoint 6 such that aI' ;(0]%) = u;(2)—u,(6) holds, and
we set wil(a‘c) = 6. Moreover, since I'_;(6|x) is jointly continuous in 6 and ¥, it follows
that 1/;11()2) is a continuous function of Xx.

Second, define 1?: [z,0]x[—1,2]x[—z, 1] — [z, 0] so that given any triple (X, 0, 0) €
[2,0] x[—1,2] € [—2, 1] of cutpoints, such that uninformed voters use i , interest group
1 targets a type 6 challenger if and only if 6 < @, and interest group —1 targets a type 0
challenger if and only if 8 > 6, the indifferent uninformed voter is located at y)?(x, 8, 6).
To define this precisely, we must consider the updating of beliefs by uninformed voters,
given the cutpoint. The uninformed voters’ posterior beliefs are given by the density
f(|%,0,0) defined as:

9 SONI,01) ifo<o,
S @Y= @100 PO F ) g 10T 0RO
A F(O)A-I,(01% ' )
_ - if0 >0,
f(81%,9,0) [ FONA=TL(8/12)d0"+(F(O)F(0)+[; £(0)(1~T1(6'|))d0"
£(6)

else.

f;91 FO)(A-Ty(6/|%))d0"+(F()—F(0)+ 4 f (01T (6/|%))d6’

Denote the mean of this density by E[6|x, 8, 0] and the variance by V[0|x, 6, 8]. Define

x* =

E[ela‘c,_e,é]+z+ V[0|x,0,0]
2 2(E[9|)_(,_9,9_]—2)’

and set Y2(x,6,0) = max{z, min{0, x*}}. Note that 1*(x, 8, 0) is a jointly continuous

function of x, 6, and 6.
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Next, we define (x) as ¥ (x) = ¢*(x, ¢!, (x), ¢!, (%)) for all x € [2,0]. Since ],
1,011, and 1) are continuous, it follows that 1) (-) is a continuous function from [z, 0] into
itself, and then Brouwer’s fixed point theorem implies that it possesses a fixed point, i.e.,
x* = (x*) for some cutpoint ¥* € [2,0]. Set 8* = 11(x*) and 6* = 4! (X*). We claim
that

E[ela‘c*,e*,é*]+z+ V[0|x*, 0%, 6%]

Y(x*) = (B.2)

holds, so that x* indeed corresponds to the uninformed indifferent voter. To this end, we
prove that X* € (z,0). Indeed, to see that 1(x*) > z, we simply note that an uninformed
voter located at z trivially prefers the incumbent to the challenger. Now, suppose toward
a contradiction that ¥* = 0. Then for all 8 € [0,2], we have I1(0|z) = I_1(8]|z) = 0.
This implies that uninformed voters do not update, i.e., we have f(0|x*,0* 6*) = f(0)
for all 8, and we deduce that

1

uy(z) < f uy()F(6)d0 = f uy(0)F (61%*, 6%, 0)d6, (B.3)

-1 -1
where the first inequality above follows from Condition 6. This implies that the un-
informed voter at the median voter’s location strictly prefers the challenger, but then
X* < 0, a contradiction. Therefore, x* < 0, as desired.

Finally, define the campaign spending strategy y,; by y,(0) = I7(0|x*) for all § €
[—1,0*] and y,(0) = 0 for all 6 > 0*; and define y_, by y_;(6) = I"_,(0|x*) for all 6 €
[6%,1] and y_,(0) = O for all & < H*. By construction, this specification of y = (y;,7_1)
is a campaign equilibrium. Let X solve max, [, o;max{I}(—1[x), I"_;(1]x)}, and assume
a is sufficiently small that al’;(—1|%) < u;(z) —u;(—1) and al_;(1|%) < u_;(z) —u_,(1).
It follows that

aly(—1]%") < af(-11%) < u(z)—uy (1),

and
al_;(1|x*) < al ;(1|%) < u_y(2)—u_,(1).

Since al;(0]x*)+u;(0) is increasing in 6 € [—1,2], and al'_,(0|x*)+u_,(0) is decreas-
ing in 0 € [—z,1], we have * > —1 and 6 < 1. Thus, the equilibrium campaign spend-
ing strategies of both groups exhibit negative advertising. The form of the campaign
spending strategies described in (a)-(d) then follows from properties of I" established in

Lemma 3, as required. ]
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C Low Cost of Advertising

C.1 Proof of Theorem 9

For existence of a campaign equilibrium, note that either E[u,(0)] < uy(z), in which
case Condition 3 holds, or E[u,(6)] > uy(z), in which case Condition 6 holds. Then
Theorems 3 and 6 yield the existence result. Now, to prove that campaign equilibria
exhibit positive or negative advertising when a is sufficiently small, suppose toward a
contradiction that there is a sequence {a,} of cost parameters such that a, — 0, and
such that for each n, there is a campaign equilibrium y" that exhibits neither positive
nor negative advertising. Then for all n, the interest groups do not contribute for any
challenger types. Thus, conditional on being uninformed, the posterior beliefs of the
voters coincide with their priors, and in particular, E[u,(6)|uninf] = E[u,(0)]. For all n,
either (i) E[uy(0)] < uy(z) or (ii) E[uy(0)] > uy(2) holds.

First, suppose there is a subsequence (still indexed by n) such that (i) holds. It follows
that the median voter has a strict preference for the incumbent, and thus the incumbent
always wins in equilibrium. But then for realizations 6 close to zero, interest group 1 will
have an incentive to advertise the challenger’s position when n is high enough. Formally,
let € > 0 be such that 2 < —e. For each 6 € (—¢,€), the minimum level of campaign
advertising sufficient to ensure victory of the challenger is
G(X)—3 G(X)—3

=0 T Gm-e() T sm-e(E)

where we use the fact that X > 0, owing to the assumption that the median voter strictly
prefers the incumbent along the subsequence. Then the net benefit to group 1 from

spending on advertising a challenger 6 € (—e, €) is at least equal to

L B G(x)—1
uy(—€) —uy(2) an(G(i)_G(%)),

which is positive for a, sufficiently small. But then for high enough n, interest group 1
has a profitable deviation from y7, a contradiction.

Next, suppose there is a subsequence (still indexed by n) such that (ii) holds. It
follows that the median voter has a strict preference for the challenger, and thus the
challenger always wins in equilibrium. But then for realizations 6 close to —1, interest
group 1 will have an incentive to advertise the challenger’s position when n is high. For-

mally, let € € (0,1). For each 6 € (—1,—¢), the minimum level of campaign advertising
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sufficient to secure victory for the incumbent is

G(x)—3 G(x)—3

r,(e) = G(%)+G(J_C)_1 < G(‘%)+G(J_C)_1’

where we use the fact that X € (z,0), owing to the assumption that the median voter
strictly prefers the challenger along the subsequence. Then the net benefit to group 1

from advertising the position of a challenger 6 € (—1,—¢) is at least equal to

G(x)—3
ul(z)_ul(_e)_an G(Z;e)-i-G()Z‘)—]_’
2

which is positive for a, sufficiently small. But then for high enough n, interest group 1
has a profitable deviation from y7, a contradiction. We conclude that when the cost of ad-
vertising is sufficiently small, all equilibria exhibit either positive or negative advertising,
as required.

To prove that Pr(error) — 0 as a — 0, consider any sequence {a,} of cost parameters
with a, — 0 and any sequence {y"} of campaign equilibria such that y" = (y],y}) is an
equilibrium in the game parameterized by a,,. By the foregoing, it suffices to consider two
kinds of subsequences. First, consider a subsequence (still indexed by n) such that y" is
a positive advertising equilibrium for all n. By Theorems 1 and 7, a challenger’s position
is advertised if located in the set ©" = {60 : f(0) > a,I'"(0)}, where I'" is indexed by n,

as the indifferent uninformed voter may depend on a,. Then the probability of error is

Pr(error) = f f(6)do.
[z,—z]\@n"
Defining g,,: ® — R by

2(6) = {f(e) if 0 € [z,—2]\ O"

0 else,

we then have Pr(error) = fgn(G)dG. For each 6 € (z,—2z), we have (6) > 0, and thus
for high enough n, we have 6 € ©". Letting g, = 0 be the zero function, it follows that
for almost every 6, we have g,(0) — g,(0). The family {g,} is bounded in absolute

value by |f |, and thus Lebesgue’s dominated convergence theorem implies that

Pr(error) = Jgn(G)dG - fgo(e)dQ = 0,
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so that the probability of error goes to zero.
Finally, consider a subsequence (still indexed by n) such that y" is a negative adver-
tising equilibrium for all n. Define $,(8) : [—1,1] — R as follows

B:1(6) =(1—2)*—(1—-6),
and f_1(0):[—1,1] > R as
B_1(8) =(—1—2)*—(-1—-06)

Thus, ,(0) is the utility differential for interest group 1 from the challenger winning the
election relative to the incumbent, and f3_,(60) is the corresponding utility differential for
interest group —1. By Theorems 6 and 8, a challenger’s position is advertised if located

in the set
0" ={0:—£,(0) > a,I7(0)} U{0 : —p_,(0) > a,I",(6)},

where I'7" and I'", are indexed by n, as the indifferent uninformed voter may depend on
a,. Then the probability of error is

Pr(error) = f f(6)deo.
[—1,z]u[—2,1]\6"

As before, defining g,: % — R by

0 else,

2 (0) = {f(e) if 0 e[—1,2]U[—2,1]\ ©"

we then have Pr(error) = f 2,(0)d6. For each 6 € [—1,2) U (—2,1], we have 3;,(6) >0
for each i = 1,—1, and thus for high enough n, we have 6 € ©". Letting g, = 0 be the
zero function, it follows that for almost every 0, we have g,(6) — g,(6). The family
{g,} is bounded in absolute value by |f|, and thus Lebesgue’s dominated convergence

theorem again implies that

Pr(error) = Jgn(e)dG - Jgo(e)dQ = 0,

so that the probability of error goes to zero.
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