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A.1 Additional Notation

Throughout the appendix, let ®(c) = >, ¢(¢;). We have logw;(c) = log ¢(¢;) —log ®(c) and

thus

_ _ 9(ci)
= (e (1 <I><c>>
= ¢ (c;)(1 — wy(c)),

where ¢ = log ¢. Because ¢ is strictly increasing and log-concave, ¢’ > 0 and ¢ < 0.

A.2 Equilibrium Existence and Uniqueness

For the existence and uniqueness results, I consider a more general version of the model

presented in the text. I allow groups to be asymmetric in their size and productivities,



which entails generalizing each faction ¢’s budget constraint (1) to

Di T C;

— 4+ —+—==1;, (A.1)

where 77, 7!, 7§, L; > 0. I assume a labor-financed government throughout the existence
and uniqueness results, as this is the more difficult case; all claims here also apply to a
capital-financed state in which f(p) = X. In addition, the results here do not depend on
Assumption 1.

Let I'(t) denote the subgame that follows the government’s selection of ¢, in which the
factions simultaneously decide how to allocate their labor. Let o; = (p;, 74, ¢;) be a strategy
for faction ¢ in the subgame, and let

Y= {(Pi,Ti,Ci) ‘% +7‘_;+c_i = Li}
denote the strategy space. Let 0 = (01,...,0x) and X = Xfil >

I begin by proving that a Nash equilibrium exists in each subgame. The task is compli-
cated by the potential discontinuity of the factions’ payoffs, namely at ¢ = 0 when ¢(0) = 0.
I rely on Reny’s (1999) conditions for the existence of pure strategy equilibria in a discontin-
uous game. The key condition is better-reply security—informally, that at least one player
can assure a strict benefit by deviating from any non-equilibrium strategy profile, even if the

other players make slight deviations.
Lemma A.1. I['(t) is better-reply secure.

Proof. Let U' : ¥ — RY be the vector payoff function for the factions in I'(¢), so that
Ul(o) = (ui(t,0),...,un(t,0)). Take any convergent sequence in the graph of U*, call it
(%, Ut(c%)) — (0*,U*), such that ¢* is not an equilibrium of I'(¢). Because production and
the effective tax rate are continuous in (p,r), we have
Ui = wi x7(t,r7) < f(p*)

for each ¢, where w} > 0 and Zfil w; = 1. I must show there is a player ¢ who can secure
a payoff U; > U} at o*; i.e., there exists o; € ¥; such that u;(¢,,0" ;) > U; for all o/, in a
neighborhood of ¢*, (Reny 1999, 1032).

If N=1or &(c*) > 0, then U" is continuous in a neighborhood of ¢*, so the conclusion
is immediate. If 7(¢,7*) x f(p*) = 0, then each U; = 0 and each faction can assure a strictly

greater payoff by deviating to a strategy with positive production, resistance, and conflict.



For the remaining cases, suppose N > 1, 7(¢,r*) x f(p*) > 0, and ®(c*) = 0, the latter of
which implies ¢* = 0 and ¢(0) = 0. Since N > 1, there is a faction ¢ such that w} < 1. Take
any € € (0, (1 —w})/2) and any d; > 0 such that

7(t,r) X f(p) = (w] +2¢) x 7(t,r") x f(p7)

for all ¢’ in a d;-neighborhood of o*. Since w} + 2¢ < 1 and 7(¢,r) x f(p) is continuous in
(p,r), such a §; exists. Then let 7; = (p;, 7;, ¢;) be any strategy in a é;-neighborhood of o

such that ¢; > 0. Because ¢*, = 0 and ¢ is continuous, there exists d, > 0 such that

P(&;) S wi +€
(;5(51) + Zje,/\/'\{i} Qb(cg) - w;* + 2¢

wi(C, ;) =

for all o’ , in a ds-neighborhood of o* ;. Therefore, for all ¢’ , in a min{dy, d2 }-neighborhood
of o*,, we have
ui(t,04,0",) > (W +€) x 7(t, 1) x f(p*) > U,

establishing the claim. O

The other main condition for equilibrium existence is that each faction’s utility function
be quasiconcave in its own actions. I prove this by showing that the logarithm of a faction’s

utility function is concave in its actions.
Lemma A.2. I'(t) is log-concave.

Proof. Take any (p,r, c¢) such that w;(t,p,r,¢) > 0, and let P = Zj pj and R = Zj rj. First,

assume » _.; #(c;) > 0, so that u; is continuously differentiable in (p;, i, ¢;). We have

alogui(tapa T, C) _ 1

8pi - P7
alogui(tvpa T C) _ _tg,<R)
or; 1 —tg(R)’

a log U; (ta b, T, C)
8ci

= ¢/(c;)(1 — wi(e)),

and therefore

d*logu,(t,p,r,c) -1

O*logui(t,p,r.c) _ —tg"(R)(1 —tg(R)) — (tg'(R))* _ |
or} (1—1tg(R))? T



0?log u;(t, p,, . - ow,
ogua(c2 p,7,C) _ 3" () (1 — wi(c)) — & (c:) bgc(ic) <0,

82 IOg ul(ta b,T, C) _ 62 lOg ui(t7p7 T, C) _ 82 IOg uz(ta b,T, C)
Gplam N apzacZ N @riaci

=0,

so logw; is concave in (p;, 14, ¢;). By the same token, 7(¢,r) x f(p) is log-concave in (p,r).

Now assume » ., é(c;) = 0. Take any (p},7},¢;) such that w(t,p’,7",¢’) > 0, where

(p' ', ) = ((pl, p—s), (ri,r—i), (¢, c_;)). Take any a € [0, 1], and let (p®, 7%, ¢*) = a(p,r,¢) +
(1 =), ). If ¢; = =0, then w;(c*) = w;(c) = w;i(¢) = 1/N and thus
1 i
loguy(t, p, 7%, ¢*) = log — +log 7(t, ) +log f(p")

1
> log 7+ a(log 7(t,r) +log f(p)) + (1 — a) (log 7(t,7) + log f(p'))
=« lOg Ui(t,p, r, C) + (1 - &) log ui(t7p,7 Tl? C/),
where the inequality follows from the log-concavity of 7(¢,7) x f(p) in (p,r). If ¢; > 0 and
¢, =0, then w;(¢*) = w;(c) =1, wi() = 1/N, and thus
log u;(t, p, r®, c*) = log 7(t,r") + log f(p®)
1
> llog7(t.r) +10g (1) + (1~ ) (1o, + log (1) + 1o 1)
= alogu;(t,p,r,¢) + (1 — a)logu;(t,p',r', ).
The same argument holds in case ¢; = 0 and ¢, > 0. It is easy to see that the same conclusion

holds if ¢; > 0 and ¢, > 0, in which case w;(c®) = w;(c) = w;(¢/) = 1. Therefore, logu; is

concave in (p;, i, ¢;). O

Equilibrium existence follows immediately from the two preceding lemmas.
Proposition A.1. T'(t) has a pure strategy equilibrium.

Proof. The strategy space 3 is compact, each payoff function u; is bounded on ¥, and I'(¢) is
better-reply secure (Lemma A.1) and quasiconcave (Lemma A.2). Therefore, a pure strategy
equilibrium exists (Reny 1999, Theorem 3.1). O

I now turn to the question of uniqueness. I show that although I'(#) may have multiple
equilibria, these equilibria are identical in terms of three essential characteristics: total pro-
duction, ), p;; total resistance, ), r;; and the vector of individual expenditures on internal

conflict, c.



To prove essential uniqueness, I must characterize the equilibrium more fully than I have
up to this point. The following result rules out equilibria in which (1) a faction’s share in the
internal competition is zero or (2) a faction could raise its share to one by an infinitesimal

change in strategy.
Lemma A.3. If N > 1, then each ¢(c;) > 0 in any equilibrium of T'(t).

Proof. Assume N > 1, and let (p,r,c) be a strategy profile of I'(¢) in which ¢; = 0 for
some i € N. The claim holds trivially if ¢(0) > 0, so assume ¢(0) = 0. If ®(c) > 0 or
T(t,r) x f(p) = 0, then w;(t,p,r,c¢) = 0. But i could ensure a strictly positive payoff with
any strategy that allocated nonzero labor to production, resistance, and conflict, so (p,r, ¢)
is not an equilibrium. Conversely, suppose ®(c¢) = 0, which implies ¢; = 0 for all j € N,
and 7(t,r) x f(p) > 0. Then w;(t,p,r,c) = (7(t,r) x f(p))/N. But i could obtain a payoff
arbitrarily close to 7(¢,r) x f(p) by diverting an infinitesimal amount of labor away from

production or resistance and into internal conflict, so (p,r,¢) is not an equilibrium. O

This result is important because it implies utility functions are continuously differentiable
in the neighborhood of any equilibrium. Equilibria can therefore be characterized in terms

of first-order conditions.

Lemma A.4. (p/,r', ) is an equilibrium of T'(t) if and only if, for each i € N,

dlog f(p')
A= — ;) =0 A2
P (m o, Iz ; (A.2)
Tg (”;aloga:?’r) _ m) o, (A.3)

(A
o (m2Ee) ) o, (A4)
p_;+r_i C—i—Lz‘ZO, (A.5)

T T T

K3 (2 3

where

dlog f(p') ,0log7(t,r") _.Ologw;(c)
= P r ¢
i = max {wz o e I, TS e, .

Proof. In equilibrium, each faction’s strategy must solve the constrained maximization prob-

lem

max log u;(t, p,r,c)
Di,Ti,Ci
Di T Ci
s.t. ﬁ—f‘?ﬁ‘—'o_Li:Oa

(2 3 (2
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pi > 0,7, > 0,¢; > 0.

It follows from Lemma A.3 that each u; is C' in (p;, 7, ¢;) in a neighborhood of any equi-
librium. This allows use of the Karush-Kuhn—Tucker conditions to characterize solutions
of the above problem. The “only if” direction holds because (A.2)-(A.5) are the first-order
conditions for the problem and the linearity constraint qualification holds. The “if” direction

holds because log u; is concave in (p;, 7, ¢;), per Lemma A.2. ]

A weak welfare optimality result follows almost immediately from this equilibrium charac-
terization. If (p/, ', ') is an equilibrium of I'(¢), then there is no other equilibrium (p”, ", ¢”)
such that ¢ = ¢ and 7(t,r") x f(p") > 7(t,7") x f(p'). In other words, taking as fixed the
factions’ allocations toward internal conflict, there is no inefficient misallocation of labor

between production and resistance.

Corollary A1. If (p/,r', ) is an equilibrium of '(t), then (p/,1") solves

max log 7(t,r) + log f(p)

p7T
/
st Dyl S o1 N,
T 4B
piZO,'r’iZO, Z:L,N

Proof. This is a C! concave maximization problem with linear constraints, so the Karush—
Kuhn—Tucker first-order conditions are necessary and sufficient for a solution. The result

then follows from Lemma A .4. OJ

I next prove that if post-tax output is weakly greater in one equilibrium of I'(¢) than
another, then each of the two individual components (production and the factions’ total

share) is weakly greater. The proof relies on the fact that if ¢, < ¢/ and w;(¢’) < w;(¢”), then

0logw;(c)

_ Ologuw;(c”)
(9ci a ’

= F ()1~ wil(d) 2 ¢ ()1~ wilc") 9,

If in addition w;(¢') < w;(¢”), the inequality is strict.

Lemma A.5. If (p/,r',c) and (p",7",") are equilibria of T'(t) such that 7(t,r") x f(p') >
T(t, ") x f(p"), then 7(t,r") > 7(t,7") and f(p') > f(p").

Proof. Suppose the claim of the lemma does not hold, so there exist equilibria such that
T(t,r") x f(p') > 7(t,r") x f(p") but 7(t,7") < 7(t,7"). Together, these inequalities imply



f() > f(®"). (The proof in case 7(t,7’") > 7(t,r") and f(p') < f(p”) is analogous.)
I will first establish that p, > 0 implies r; = 0. Per Lemma A.4 and the log-concavity of
f and 7, p, > 0 implies

pOlog fO") _ p0log f()  ,Olog7(t,r)  ,Olog7(t, ")
¢ api ¢ 3pi - 87’1' ¢ 87’1'

Therefore, again by Lemma A.4, 7/ = 0.

Next, I establish that ®(¢”) > ®(). Since f(p') > f(p”), there is a faction i € N such
that p, > p?. As this implies 7/ = 0, the budget constraint gives ¢/ > ¢. If (") < &(¢),
then w;(¢”) > w;(¢’) and thus by Lemma A.4

Ologwi(c) _ dlogwi(c”) 5 p0les f") _p0log f(1)
’ dc; ¢ c; ! op; o Op;

T

But this implies p; = 0, a contradiction. Therefore, ®(¢") > &(¢).

Using these intermediate results, I can now establish the main claim by contradiction.
Since 7(t,r") > 7(t,r’), there is a faction j € A such that +§ > ). This implies p; = 0, so
the budget constraint gives cj < ¢}. Since ®(c") > ®(c’), this in turn gives w;(c") < w;(c)
and thus

(" (c = / = "
7T(.:610g<JJJ(c ) - 7Tcalogw](c) > 7Tr(?lo,g.);T(zf,r) - 7T7‘"(9log,f7(zf,r )
acj J aCj J 67"]' J 07"j

But this implies 77 = 0, a contradiction. m

I can now state and prove the essential uniqueness of the equilibrium of each labor

allocation subgame.

Proposition A.2. If (p/,7',c) and (p",7",c") are equilibria of T'(t), then f(p') = f(p"),

T(t, ") =7(t, "), and ¢ = .

Proof. First I prove that 7(¢,r") x f(p') = 7(t,7”) x f(p"). Suppose not, so that, without loss
of generality, 7(¢,r") x f(p') > 7(t,r") x f(p”). Then Lemma A.5 implies 7(¢,r") > 7(t,r")
and f(p') > f(p"), at least one strictly so, and thus

ax 7ri{)810gf(p )Wiralogf(t,r ) > max 7Tfalog;f(p)77T;8log7"(t,r)
Opi Ir; Op; or;

for all i € NV, strictly so for some j € N. Since 7(t,7") x f(p") < 7(t,7") x f(p), it follows
from Corollary A.1 that the set Nt = {i € N'| ¢/ > ¢/} is nonempty. For any i € N such

1



that w;(c”) > w;(c),

Ologwi(d) _ dlogwi(<)
i ac, > T ac,
/' - !
> max 7r}',8108;]'7(19 ),WfalOgT(t’r )
Z 8pz 87"7;
pOlog f(¢f) _,Olog7(t,1")
' apl T ari :

T

> max {71’

But this implies p, = r; = 0, contradicting ¢! > ¢;. So w;(¢") < w;(¢) for all i € N Since
N is nonempty and the conflict shares are increasing in ¢; and sum to one, this can hold
only if Nt = N and w;(") = w;(c) for all i € A/. This implies

Wcﬁlogwj(c’) N 7TCalogwj(c”)
J 8cj = 8cj
> max 7T]{,alogf(p )’Wralogf(t,'r’ )
J 8pj J 87"j
| / log 7 !
R ogf(p)m,nf9 og 7(t, 1) |
J apj J 87"]'

which in turn implies p; = r; = 0, contradicting ¢ > ¢. I conclude that 7(t,7") x f(p') =
T(t, ") x f(p”) and thus, by Lemma A.5, 7(¢,7") = 7(¢t,r") and f(p') = f(p").

Next, I prove that ¢ = ¢”. Suppose not, so ¢ # ¢’. Without loss of generality, suppose
O() > ®(”). Since 7(t,r") x f(p') = 7(t,r") x f(p") yet ¢ # ", by Corollary A.1 there
exists # € A such that ¢; > ¢/ and j € N such that ¢; < ¢]. It follows from ®(c') > ®(c")
that w;(¢’) < w;(¢") and therefore

.0logw;(c) - .0logw;(c")

ﬂ-J aCj J 8Cj
1 1" 1 = "

/ = /
- 7Tpalogf(p)77T77810gT(t,7’) |
J 8pj J @rj

But this implies p} = r’ = 0, contradicting ¢} > ¢}. ]

Proposition A.2 allows me to write the equilibrium values of total production, total
resistance, and individual conflict allocations as functions of the tax rate. For each ¢t € [0, 1],
let P*(t) = P if and only if there is an equilibrium (p, r, ¢) of I'(¢) such that > . p; = P. Let
the functions R*(t) and ¢*(t), the latter of which is vector-valued, be defined analogously.

The only remaining step to prove the existence of an equilibrium in the full game is to

8



show that an optimal tax rate exists. An important consequence of Proposition A.2 is that
the optimal tax rate (if one exists) does not depend on the equilibrium that is selected in each
labor allocation subgame, since the government’s payoff depends only on total production
and resistance. The main step toward proving the existence of an optimal tax rate is to show

that total production and resistance are continuous in t.
Lemma A.6. P*, R*, and ¢* are continuous.

Proof. Define the equilibrium correspondence F : [0, 1] = ¥ by
E(t) ={(p,r,c)|(p,r c) is an equilibrium of I'(¢)}.

Standard arguments (e.g., Fudenberg and Tirole 1991, 30-32) imply that E has a closed
graph.!” This in turn implies E is upper hemicontinuous, as its codomain, 3, is compact.
Let F : ¥ — RY™ be the function defined by F(p,r,¢) = (3, pi, > ;7i,¢). Since F is
continuous as a function, it is upper hemicontinuous as a correspondence. Then we can

write the functions in the lemma as the composition of F' and E:

(P*(t), B*(t),c* () = {F(p,r¢) | (p,r,¢) € E(t)} = (F o E)(1).

As the composition of upper hemicontinuous correspondences, (P*, R*, ¢*) is upper hemicon-
tinuous (Aliprantis and Border 2006, Theorem 17.23). Then, as an upper hemicontinuous
correspondence that is single-valued (per Proposition A.2), (P*, R*,¢*) is continuous as a

function. O]

Continuity of total production and resistance in the tax rate imply that the government’s

payoff is continuous in the tax rate, so an equilibrium exists.
Proposition A.3. There is a pure strateqy equilibrium.

Proof. For each labor allocation subgame I'(t), let 0*(t) be a pure strategy equilibrium of
['(t). Proposition A.1 guarantees the existence of these equilibria. By Proposition A.2; the

government’s payoff from any ¢t € [0, 1] is

ug(t,o*(t)) =t x g(R*(t)) x P*(t).

1"The only complication in applying the usual argument is that the model is discontinuous at ¢ = 0 in
case ¢(0) = 0. However, by the same arguments as in the proof of Lemma A.1, if $(0) = 0 there cannot be
a sequence (t*, (p*,r¥, c*)) in the graph of E such that ¢¥ — 0.



This expression is continuous in ¢, per Lemma A.6, and therefore attains its maximum on the
compact interval [0, 1]. A maximizer ¢* exists, and the pure strategy profile (t*, (0*(t)):c[0,1])

is an equilibrium. O

A.3 Symmetric Game Properties

In the remainder of the appendix, I consider the special symmetric case of the model discussed
in the text, in which each n? = 7P, 77 = 7", 7§ = 7, and L; = L/N. Let I'(t) denote the
labor allocation subgame with tax rate ¢ in the model with a labor-financed government,
and let 'y (¢) denote the same with a capital-financed government.

An important initial result for the symmetric case is that in every equilibrium of every

labor allocation subgame, every faction spends the same amount on internal conflict.

Lemma A.7. If the game is symmetric and (p,r,c) is an equilibrium of T'(t) or I'x(t), then
¢ =cj foralli,jeN.

Proof. Because the game is symmetric, there exists an equilibrium (p/,7’,¢) in which
/

(pgurgac;) = (pj7rjacj)7 (p;,'r’j,c;-) = (piv,rhc’i)? and (p§gar;<;7cg<;> = (pknrkvck) fOI' all k& S
N\ {i,j}. Proposition A.2 then implies ¢; = ¢;. O

This means we can characterize an equilibrium of the labor allocation subgame in terms
of just three variables: total production, total resistance, and the (common across factions)
individual allocation to internal conflict. Using the characterization result of Lemma A.4, we
can identify an equilibrium as a solution to some subset of the following system of equations
derived from the first-order conditions. Each Q*Y represents marginal equality of the returns
to z and y, while Q° is the budget constraint. I write these as functions of ¢ as well as
the exogenous parameters m = (77, 7", 7¢, L, N) to allow for comparative statics via implicit

differentiation:

Q" (P,R,C;t,m) =7P(1 —tg(R)) + n"tPg'(R) =0, (A.6)
(PR, Cit ) = =~ N =L edie ~0 (A7)
) Y » P N Y
e _ _7tg'(R)  N—1 .o
P R NC

= 0. (A.9)

The condition (A.8) is redundant when the government is labor-financed and (A.6) and (A.7)

both hold, but it is useful for characterizing equilibrium with a capital-financed government.

10



A.4 Proofs of Named Results
A.4.1 Proof of Proposition 1

The quantities defined in Proposition 1 are as follows. (Rx(t),éx(t)) is the solution to the

system

Q"(0, Rx (t), éx(t);t,m) = 17?’"_75 i;;((%;(z;) ’ NA_[ 1

- _ Rx(t)  Néx(t)

¢ (éx(t)) = 0, (A.10)

Q°(0, Rx(t),éx(t);t,m) = L ~ - =0. (A.11)
The cutpoint tax rates are
nre¢!(meL/N) —77g'(0)
B = nr“d/(0) , (A.13)
nreg(nr L)@/ (0) — g (" L)
where 7 = (N — 1)/N. Observe that
dlog 7(t%,0) 5, dlogw;((m°L/N)1y)
T — C CL N — &
X L T o ,
log 7(#, (7" L/N)1 ] log w;
7_(_7‘a OgT(tl ?(ﬂ- / ) N) — 777Tc¢,(0) — ﬂ_ca ngl(o)

or I3 aci

for each i € N/, where 1y is an N-vector of 1s.

Proposition 1. If the government is capital-financed, every labor allocation subgame has a
unique equilibrium. There exists a tax rate ty € (0,1) such that each r; = 0 in equilibrium
if and only if t < fé{. There exists £ > 1?5( such that each c¢; = 0 in equilibrium if and only
ift > 5. Fort € (£5,1Y), in equilibrium each r; = Rx(t)/N > 0 (strictly increasing in t)
and each ¢; = ¢x(t) > 0 (strictly decreasing).

Proof. T'x(t) has an equilibrium (Proposition A.1), and there exists ¢ (¢) such that each
¢; = % (t) in all of its equilibria (Proposition A.2 and Lemma A.7). The budget constraint
then implies each r; = 7" (L/N — ¢ (t)/7°) in every equilibrium of I'x (¢), so the equilibrium
is unique.

Let (r,¢) be the equilibrium of I'x(¢). To simplify expressions in what follows, let C' =
¢ =cx(t)and R =Y ,r = n"(L — NC/7°). If t <) and R > 0, then the first-order

11



conditions give

_ — (11X . c .
7T,,(’J?logT(zf,r) _ 7TrﬁlogT(sz ,0) 7TCalogwl((w L/N)1y) < 7Tcalong(c)

or; Or; dc; o ¢

for each i € /. But this implies each r; = 0, contradicting R > 0. Therefore, if ¢ < £, then
R = 0. Similarly, if ¢ > #J and R = 0, then each ¢; = 7°L/N and thus

0 1og w; 7 (X 7
e ogwi(c) WralogT(to ,0) _ WralogT(t, 7“).
aCi ari ari

But this implies each ¢; = 0, a contradiction. Therefore, if t > £y, then R > 0. The proof
that C' > 0 if and only if ¢ < £ is analogous.

For t € (,17), the first-order conditions imply that R and C solve Q™(0, R, C;t,7) =
Q"(0, R, C;t,7) = 0; therefore, R = Rx(t) and C = éx(t). To reduce clutter in what follows,
I omit the evaluation point (0, Rx(t),éx(t);t, ) from all partial derivative expressions. The
Jacobian of the system defining (Rx (t), éx(t)) is

[0Q™/OR 0Q™/oC
(0Q"/0R  9Q"/0C
[ 9"(Bx () — tg(Rx(1))*3"(Rx(t) .-,
_ 't (1 ~ tg(RX(t)))z nmed” (ex(t))
—1/7" —N/m°

Jx =

where n = (N — 1)/N and g = log g. Its determinant is

I =T (naﬁ'%eX(t» _ g UR(0) - ’fg(RX“))Z?"(RX“”) <0

(1—tg(Rx(1)))?
By the implicit function theorem and Cramer’s rule,

—0Qr¢ /ot dQ™/dC
dRx(t) |—0Q"/ot 9Q"/oC

dt |J x|
—n"g/(Rx(1))/(1 — tg(Rx (1)))* nm°e"(éx(t))
B 0 —N/m¢
B ) [JIx|
Nr'g'(Rx(t))

(1 — tg(Rx(£)?[I x|
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> 0,
as claimed. The budget constraint then implies déx (t)/dt < 0, as claimed. [

A.4.2 Proof of Propositions 2 and 3

Before proving the results, I separately derive the comparative statics of t?)( and RX(t) in N

and 7¢.

Lemma A.8. The lower cutpoint ff)( 15 strictly increasing in the number of factions, N. It is

locally decreasing in the effectiveness of conflict, n¢, if and only if
~ [ m°L w°L -, (m°L
> 0.
¢ () (%) 2

x_ (N )/N)reg/(a°L/N)
" (N = 1)/N)red/ (7L /N) — 77 g'(0)

Proof. Recall that

Observe that ¢/(0) < 0, (N — 1)/N is strictly increasing in N, and ¢/(7¢L/N) is weakly

increasing in N. Therefore, fé( is strictly increasing in /N. Notice that

O | oo (mLN\| 4 (7L L », (7L
e [0 ()] = (%) 57 (%)

so £y is locally increasing in 7¢ if and only if the above expression is positive. O]

Lemma A.9. For fized t € (&,1Y), total resistance, Rx(t), is strictly decreasing in the
number of factions, N. It is locally decreasing in the effectiveness of conflict, ©¢, if and only
of
& (@x(t)) + Ex(8)0" (ex(t) > 0.
Proof. 1will treat N as if it were continuous in order to obtain comparative statics by implicit
differentiation. Throughout the proof I write Ry (t) and éx(t) as functions of (N, 7¢).

I first consider comparative statics in N. To reduce clutter in what follows, I omit the
evaluation point (0, Rx (t; N, 7°), ex(t; N, m°); t, ) from all partial derivative expressions. By

the implicit function theorem and Cramer’s rule,

—0Q"/ON 8Q"/doC
ORx(t; N,7¢) | —0Q"/ON 0Q"/9C
ON B [ Jx(t; N, 7))

13



o (Ex (6 N,7w) /N (N = 1)/N)m" (ex(t N, 7))

B ex(t; N, mwe)/me —N/m¢

N [Ix(t; N, 7°)]

_ F@Ex(t; N, 7)) — (N = D)éx (t; N, 7)¢" (x (¢ N, 7))
B N|Jx(t; N, 7c)]|

< 0,

as claimed, where |Jx(¢; N, 7¢)| < 0 is defined as in the proof of Proposition 1.
I now consider comparative statics in 7¢. Again by the implicit function theorem and

Cramer’s rule,

—0Q"/dr° Q"¢ /OC
ORx(t; N,x¢) | —0Q"/on 0Q"/dC

one | I x (t; N, 7¢)]|
—((N = 1)/N)@ (Ex (t; N, 7)) (N = 1)/N)me" (éx(t; N, wC))‘
—Néx(t; N, 7rc)/(7rc)2 —N/z¢

[Ix (N, 7|
(N = 1) (&(@x(t: N,7%) + éx(t: N, 7w)d" (ex (N, 7))
7TC|JX(t; N,T(C)| ‘

Therefore, dRx (t; N, 7€) /0r¢ < 0 if and only if
¢/ (Ex(t; N,7m%)) + &x (t; N, n)¢" (@x (t; N, 7)) = 0,
as claimed. n
The propositions, which I prove together, follow mainly from these lemmas.

Proposition 2. A capital-financed government’s equilibrium payoff is increasing in the num-
ber of factions, N.

Proposition 3. If there is a unique equilibrium tax rate t*, the government’s equilibrium
payoff is locally increasing in competitive effectiveness, 7€, if and only if the incentive effect
outweighs the labor-saving effect (i.e., Equation 8 holds) at the corresponding equilibrium

level of internal competition.

Proof. Throughout the proof I write various equilibrium quantities, including the cutpoints

t5¥ and £, as functions of (N, 7¢). Let the government’s equilibrium payoff as a function of

14



these parameters be

ug(N, 7)) = max t x g(R*(t; N, 7¢)) x X.

te(0,1]

I begin with the comparative statics on N. First, suppose t = fg( (N', 7€) is an equilibrium
for all N’ in a neighborhood of N.'® Then ul (N, 7¢) = 5 (N’, 7°) x X in a neighborhood of
N, which by Lemma A.8 is strictly increasing in N’. Next, suppose there is an equilibrium
with ¢ € (X (N, 7€), (N’, 7)) for all N’ in a neighborhood of N. Then, by the envelope

theorem, )
Oug (N, 7€) ORx(t; N, 7°)
ON ON

where the inequality follows from Lemma A.9. Finally, suppose tf (N, 7¢) < 1 and ¢t = 1 is

= g'(RX(t; N, 7)) x X >0,

an equilibrium for all N’ in a neighborhood of N. Then u},(N,7¢) = g(n"L) x X is locally
constant in /V, and thus weakly increasing.

I now consider the comparative statics on 7. First, suppose t = 5 (N, 7) is an equilib-
rium for all 7 in a neighborhood of 7¢. Then u¥ (N, 7¢) = t(N,7¢) x X in a neighborhood

of 7, which by Lemma A.8 is locally increasing at 7¢ if and only if

(ﬁ/ (WNL) 1 WNL(ZB// (WNL) > 0.

Next, suppose there is a unique equilibrium with ¢ € (£ (N, 7), & (N, 7)) for all 7 in a

neighborhood of w¢. Then, by the envelope theorem,

Oul (N, 7°) ~ ORx (t; N, )

— ' (Rx(t; N, 7¢ X.
o g (RX<t7 T )) one X

This is positive if and only if ¢/(éx(t)) + éx(t)¢"(éx(t)) > 0, per Lemma A.9. Finally,
suppose £ (N, 7¢) < 1 and ¢t = 1 is an equilibrium for all 7 in a neighborhood of 7°. Then

ug(N, 7€) = g(n"L) x X is locally constant in 7¢, and thus weakly increasing. O

I also prove the claim in footnote 13.

Lemma A.10. Let 0, A > 0. If ¢(C) = Oexp(AC), then the incentive effect outweighs the
labor-saving effect for all C > 0. If ¢(C) = OC*, then the incentive and labor-saving effects
are exactly offsetting for all C' > 0.

Proof. First consider the difference contest success function, ¢(C') = fexp(AC). Then

18There cannot be an equilibrium tax rate ¢ < £ or (if #* < 1) t € [+, 1), as R* is constant on [0, £{]
e
and on [, 1].

15



$(C) =1logh + \C, ¢/(C) = A, and ¢"(C) = 0 for all C' > 0. Therefore,

~

¢ (C) 4+ CP"(C) =\ > 0.

Now consider the ratio contest success function, ¢(C) = #C*. Then ¢(C) = log +
Mog C, ¢/(C) = A/C, and ¢"(C) = —A/C2. Therefore,

) . A —\
J(C)+Cd'(C) =5 +C (E) ~0. O

A.4.3 Proof of Proposition 4

The quantities defined in Proposition 4 are as follows. (P, &) is the solution to the system

@ N-1 .-

Qpc(p()’ O, Co; t, 7T) = ?0 - N chb,(é()) = 0, <A14)
Q' (Po,0, et m) = L— 0 NG (A.15)
P e
(Py(t), Ry(t),&(t)) is the solution to the system
QU (Pi(t), Ri(t), &1(t);t,m) = wP(1 — tg(Ru(t)) + 7"t Pi(t)g (Ra(t)) = 0, (A.16)
QP (By(t), Ba(t), & (t): £, 7) — ]57;;) N - Lred(a() 0, (A7)
QB Br(e). a0t = L - T T NG
(Py(t), Ry(t)) is the solution to the system
QP (Py(t), Ry(t),0;t, ) = wP(1 — tg(Ry(t)) + n"tPy(t)g (Ra(t)) = 0, (A.19)
Q" (Puo(t), Ro(t), 0:t,70) = L Pjr—? - R;—St) 0. (A.20)
The first cutpoint tax rate is )
By = T (A.21)

7 — 7" Pyg'(0)
Lemma A.11 below shows that Py > 0 and therefore, since ¢’(0) < 0, that fo < 1. The

second cutpoint tax rate is

N P

t, = = — A.22
wg(ls) - Pigf () 422
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where

_ p
- ™1 (A.23)
N —1m¢ ¢/(0)
Ry =7 (L - i) : (A.24)
P

The next three lemmas give conditions on the tax rate under which there is positive pro-
duction, resistance, and internal conflict in the equilibrium of the labor allocation subgame.
Jointly, these lemmas constitute the bulk of the proof of Proposition 4. The proofs rely on

the following equalities:

.O0log 7(ty,0) .10g'(0) 7P

e e e R
7Trﬁlog%(fl, (Ri/N)1y) _ flg:(Rl_) _
or; 1—tig(Ry) P

forall i € N.

Lemma A.11. If the game is symmetric, Assumption 1 holds, and (p,r,c) is an equilibrium
of I'(t), then 0 < >, p; < Py < nPL.

Proof. Assumption 1 implies

1 N-—-1 -
QP(w?L,0,0;0,7) = TN 7°¢'(0) < 0.

Since Q¢ is decreasing in P and weakly increasing in C, this gives Py < 7PL.
Let P =Y, p;, and suppose P > F,. The budget constraint and Lemma A.7 then give
¢; = C' < & for each i € N. But then we have
Ologwi(c) - N—1 _- 7P - 7TjU@log f(p)

> o (Eg) = —
i 801- - N 7T¢(CO) Po 8]71

for each i € A/. By Lemma A .4, this implies each p; = 0, a contradiction. Therefore, P < P,.
Finally, since P = 0 implies each w;(t,p,7,¢) = 0, but any faction can assure itself a

positive payoff with any (p;, r;, ¢;) > 0, in equilibrium P > 0. ]

Lemma A.12. If the game is symmetric, Assumption 1 holds, and (p,r,c) is an equilibrium
of T'(t), then >, r; > 0 if and only if t > {o.

17



Proof. Let P =3, p; and R =), r;. To prove the “if” direction, suppose ¢t > to and R = 0.
Since P < Py, this implies each ¢; = C' > 0; the first-order conditions of Lemma A.4 then
give P = Py and C' = ¢,. It follows that

,0logT(t,r) T@logf(fo,r) o palogf(p)
T 8n- - (977 _p(]—ﬂ- (9]% .

This implies each p; = 0, a contradiction.

To prove the “only if” direction, suppose t < ¢, and R > 0. For each i € N,

Olog 7(t,r) dlog ?(fo, 0) P dlog f(p)
r> o " \"m ) rZ o\ ) L« ppZ O
T 87‘1' =7 8T’i P() =7 apz

This implies each r; = 0, a contradiction. O]

Lemma A.13. If the game is symmetric and Assumption 1 holds, thent, > to. If, in addition,
(p,r,c) is an equilibrium of T'(t), then each ¢; > 0 if and only if t < t,.

Proof. To prove that ¢, > £y, note that

_ N #P 1 N =P 1 _
P1: — = < = :PO
N —17xe¢ #'(0) N —17xe¢ ¢/(50)

by log-concavity of ¢. This implies B, > 0, so g(R;) < g(0) = 1 and ¢'(0) < ¢'(R;) < 0.
Therefore,
' — 71" Pog'(0) > 7Pg(Ry) — 1" Prg'(Ry) > 0,

which implies #; > .

Let P = > ,p; and R = ) . r;. To prove the “if” direction of the second statement,
suppose t > t; and some ¢; > 0. By Lemma A.7, ¢j =¢ = C >0 for each j € N. Since
P > 0 by Lemma A.11, the first-order conditions give

N =« 1

P= — > P
N—1w0¢/(0) =1

The budget constraint then gives R < R; and thus

rOlog7(tr)  Olog7(t, (Ri/N)1y) _ ¥ ,0log f(p)
87“2' 87"1' Pl 8pl

But this implies each p; = 0, a contradiction.

To prove the “only if” direction, suppose t < 1 and each ¢; = 0. The first-order conditions

18



then give P < P;, so R > R, > 0 by the budget constraint. This in turn gives

7Tpalogf(p) _ S ™ < 7Tré?log;%(fl,r) - 7Tr@logi'(t,?“)

8p, P — P1 - 87“7; 373-

for each i € A/. But this implies each r; = 0, a contradiction. O

The last thing we need to prove the propositions is how the labor allocations change with

the tax rate when ¢ > .
Lemma A.14. Let the game be symmetric and Assumption 1 hold. For all t € (fo,fl),

dP(t)  —(N — 1)Preg"(é:(t))

dt N7rtA(t) <0, (A.25)
i (pr/wcﬁl(ty (N = Dred(@1(1)) /pr)
FTa (1) >0, (A.26)
dor(t) ()2
dt — wrtP(t)20 (1) <9 (A.27)
where
2400 = (st (a(1) = w20 () ( —Es = 2 D))
- et (R (0) (1) (A.28)
< 0.
For all t > t,,
dpg(t) . —mP
dt  wtAo(t) <0 (4.29)
dRy(t) 1
@ i) > 0, (A.30)
where
Ao(t) = Z—;tf’g(t)g”(ﬁig(t)) 2ty (Ra(t)) > 0. (A31)

Proof. Throughout the proof, let n = (N — 1)/N.
First consider t € (fo, fl). To reduce clutter in what follows, I omit the evaluation point

(Py(t), Ri(t), & (t);t,7) from all partial derivative expressions. The Jacobian of the system
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of equations that defines (Py(t), Ry(t),é (1)) is

[0QP /0P 0Q™ JOR  9QP /9C

Ji(t) = |oQrejoP 0Q/OR 0QP/oC
L 0Q"/oP  9QY/OR  0Q"/OC
'wrtg’(zle (t)) w"tP(t)g"(Ry(t)) — wPtg'(Ry(t)) 0
= | =72/ Py(1)? 0 =@ (& (1)) | -
—1/7P —1/x" —N/z¢

It is easy to verify that |J;(¢)] = A;(t) < 0. Notice that

oQr"
ot

. <_7rp<1 — tg(Ri(1)))
mrtg'(R(t))

7Tp

P

=" Pi(t)g (Ru(t) — 7Pg(Ru(t))

Then, by the implicit function theorem and Cramer’s rule,

—0QP /ot Q¥ JOR
—0Qv /ot Q¥ /OR
dPi(t) | —0Q"/ot  0Q"/OR

Q" /aC
aQ™ /9C
2Q"/aC

dt [J1(2)]

e (@)
A1)

<0

aQ" |aP  —aQ¥ /ot

oQre/OP  —dQve /ot
dRy(t) | 0QV /0P  —0Q/ot

aQ" 19C
aQr /9C
aQ"/9C

dt [J1(8)]

—? (N7 /7By (1) — e (@ (1) /7 )

tAL ()

>0,
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QM JOP QP JOR —dQr" /ot
oQre/OP 0Qr/OR —dQre /ot
dé(t) | 0QY/OP  9Q"/OR  —9Q"/ot
at [ J1(2)]
_ (?)?
ATty (t)2A (1)
<0,

as claimed.

Now consider ¢ > t;. Again to reduce clutter in what follows, I omit the evaluation point
(Py(t), Ry(t),0;t, ) from all partial derivative expressions. The Jacobian of the system of
equations that defines (Py(t), Ro(t)) is

[oQr joP  9Q™ JOR

|0Q /0P 9Q"/OR

(77tg (Ra(t)) 7" tBs(t)g" (Ralt)) — ¥ty (Ro(t))
—1/7P —1/z"

It is easy to verify that |Jo(t)] = Aq(t) > 0. As before, 0Q"" /0t = —nP /t. So by the implicit

function theorem and Cramer’s rule,

—0Qr /ot 0Q"" JOR
dP5(t) ‘—aQb/at 0Q"/OR
it~ [35(8)|
P
Tt A (t)
<0,

oQr P —0Qv ot

dRy(t) | 0Q°/OP  —0Q"/0t
at REIG]
1
T A1)
> 0,
as claimed. n

The proof of Proposition 4 follows almost immediately from these lemmas.
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Proposition 4. Assume the government is labor-financed. There exist tax rates to € (0,1)

and t, > to such that in every equilibrium of the labor allocation subgame with tax rate t:
o [ft< to, then each p; = pO/N > 0, each r; =0, and each ¢; = ¢y > 0.

o Ift € (fo,t1), then S, pi = Pi(t) > 0 (weakly decreasing in t), S ,r; = Ri(t) > 0
(strictly increasing), and each ¢; = ¢1(t) > 0 (strictly decreasing).

o Ift >y, then S, p; = Pa(t) > 0 (strictly decreasing int), S, r; = Ry(t) > 0 (strictly

increasing), and each c¢; = 0.

Proof. For fixed t, every equilibrium of I'(¢) has the same total production, total resistance,
and individual conflict allocations, per Proposition A.2. Consider any ¢ € [0,1] and let
(p,r,¢) be an equilibrium of I'(¢).

If t < {,, then Yupi =P >0,%.r =0, and each ¢; = C > 0 by Lemmas A.11-
A.13. The first-order conditions (Lemma A.4) imply that P and C solve Q*°(P,0,C;t,m) =
Q'(P,0,C;t,7) = 0; therefore, P = Py and C' = ¢;. Since each r; = 0, each p; = 7P(L/N —
¢o/7¢) = Py/N, so the equilibrium is unique.

Similarly, if t € (o,%), then >, p; = P > 0, >.,7; = R > 0, and each ¢; = C > 0
by Lemmas A.11-A.13. The first-order conditions then imply that these solve the system
(A.6)—(A.9); therefore, P = Py(t), R = Ry(t), and C = &(t). The comparative statics on
Py, Ry, and & follow from Lemma A.14.

Finally, if ¢ > #;, then Yupi=P >0 %.r=R>0, and each ¢; = 0 by Lemmas
A.11-A.13. The first-order conditions then imply that P and R solve Q"' (P, R,0;t,m) =
Q°(P, R,0;t,7) = 0; therefore, P = ]52(15) and R = Rz(t). The comparative statics on P,
and Ry follow from Lemma A.14. O

A.4.4 Proof of Proposition 5

Proposition 5. If the government is labor-financed, there is an equilibrium in which the
government chooses the greatest taz rate that engenders no resistance, t = to. If g or ¢ is

strictly log-concave, this is the unique equilibrium tax rate.

Proof. As in the proof of Lemma A.14, let n = (N — 1)/N.
For each t € [0, 1], fix an equilibrium (p(t),r(t),c(t)) of I'(t). By Propositions 4 and A.2,
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the government’s induced utility function is

tP, t < to,
ug(t) = uc(t, p(t), r(t), c(t)) =  tg(Ri () Pu(t) to <t < iy,
tg(Ro(t)) Po(t) t > 1.

It is immediate from the above expression that u},(t) < ug (o) for all t < #.
Now consider ¢ € (fo,1,). By Lemma A.14,

PG _ g i) Pu(0) + 10 () T By 1) 4ty (1) TR
o wg(R)P) (Na B0 — e (6 0) /)
= (R () By (1) - N
_ugR0)d @ 1)
A (t) ’

where Ay (t) is defined by (A.28). To reduce clutter in what follows, let P = P;(t), R = Ry(t),

and ¢ = ¢ (). Since Ay(t) < 0, the sign of the above expression is the same as that of

~ N(ﬂ'p)2 _ e ) + nﬂpﬂcgi?)(b”(é) . g(R)pA1(t)

D N(ﬂ-p)Q 6(5”(6)) + 7]7Tp7T69<R)¢”(6)

Fra e (Zra().

The first term is weakly negative, strictly so if ¢ is strictly log-concave. The second term

is weakly negative, strictly so if ¢ is strictly log-concave. Therefore, duy,(t)/dt < 0 for all
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t € (to,11), strictly so if g or ¢ is strictly log-concave. This implies u¥(fo) > ug(t) for all
t € (Lo, 1,], strictly so if g or ¢ is strictly log-concave.
Finally, consider ¢ > ;. Again by Lemma A.14,

dug;(t)
dt

= g(Ra(t)) Po(t) + tg'(Ra(t)) d%t(t) Py(t) + tg(Rao(t)) dP;t(t)

o g 4 SO Pa(t)  Tg(Ra(t))
As(t) T Ao(t)

where Ay(t) is defined by (A.31). To reduce clutter in what follows, let P = P,(t) and
R = Ry(t). Since Ay(t) > 0, the sign of the above expression is the same as that of

Po(R)A(E) + Py (R) - T
= Po(R) (w - 2tg'<fz>) + Py(R) - ””fff)
= i (0 10 (o By = g () = (1o () )
_ 0= taR) (R (B) — o' ()
mtg'(R)?
<0.

Therefore, uf(to) > ug(t) > uk(t) for all t > .
Combining these findings, ug(fo) > uk(t) for all t € [0,1]\ {fo}, strictly so if g or ¢ is
strictly log-concave. Therefore, there is an equilibrium in which ¢ = ¢y, and every equilibrium

has this tax rate if g or ¢ is strictly log-concave. O]

A.4.5 Proof of Proposition 6

Proposition 6. Equilibrium production with a labor-financed government, Py, is strictly de-
creasing in the number of factions, N. It is locally decreasing in conflict effectiveness, 7€, if

and only if the incentive effect outweighs the labor-saving effect at ¢y.

Proof. 1will treat N as if it were continuous in order to obtain comparative statics by implicit
differentiation. Throughout the proof I write Py and & as functions of (NN, 7¢).
Recall that (Py(N,7¢),e(N,n¢)) is defined as the solution to (A.14) and (A.15). To

reduce clutter in what follows, I omit the evaluation point (Py(N, 7¢), 0, (N, 7¢);t,7) from
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all partial derivative expressions. The Jacobian of the system is

(BN, —(N — 1)red" (co(N, 7))/N
—1/7P —N/z¢

)

 [oqresop agrejoc
T laqrar  aqQr/ocC

with determinant

NP N —17° -
Jo| = —= - —¢"(cy(N, 7)) > 0.
| Ol ﬂ_CPO(N’ 7TC)2 N ﬂ_pd) (CO< 77T ))

By the implicit function theorem and Cramer’s rule,

—0Qr/ON Q¥ /dC
OPy(N,7¢) | —9Q"/ON 2Q"/oC

ON |Jol
¢/ (0(N, 7)) /N? —(N = 170" (¢0(N, 7)) /N
B co(N, ) /m¢ —N/z¢
- [Jol
_ 1 N—-1_ c\ N c QS/(EO(NJTC))
- ( LN w9 @, 7)) - LD )
< 0,
as claimed. Similarly,
—0QP¢/onc 9Qr¢/oC
OPy(N,7°) | —0Q"/onc 0Q"/oC
one N |J0’
(N = 1§ (@ (N, 7)) /N —(N = 1)m¢" (¢(N, 7)) /N
B —Nécy(N,7¢)/(m¢)? —N/z¢
N [Jol
N —1

= = (¥ (@, 1) + (N, 78" (e (N, 7))

- 7 Jo|

which is negative if and only if the incentive effect outweighs the labor-saving effect at

50(N77Tc>. ]
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A.4.6 Proof of Proposition 7
Proposition 7. The equilibrium tax rate of a labor-financed government,

7Tp

£, = _
O 1 — 1 Pyg'(0)

is strictly increasing in fractionalization, N. It strictly increases with a marginal increase
i competitive effectiveness, w¢, if and only if the incentive effect outweighs the labor-saving
effect at cy.

Proof. Immediate from Proposition 6, as #, is strictly decreasing in Py, and N and 7 enter

the expression for ¢, only via P. O

A.4.7 Proof of Proposition 8

Proposition 8. A labor-financed government’s equilibrium payoff is strictly decreasing in the
number of factions, N. It strictly decreases with a marginal increase in conflict effectiveness,

¢, if and only if the incentive effect outweighs the labor-saving effect at ¢y.
Proof. By Proposition 5, the government’s equilibrium payoff is

P Py P

7 — 1 Pyg(0)  (wP/Py) — 7g'(0)

tAOPOI

This expression is strictly increasing in Py. Since N and 7¢ only enter through the equilibrium

value of Py, the claim follows from Proposition 6. m

A.5 Extensions
A.5.1 Endogenous Inequality

In the model with asymmetric tazation, the government is labor-financed and taxes each
faction’s production separately. To keep the analysis simple, I assume throughout the exten-
sion that NV = 2. The government chooses a pair of tax rates, t; and ¢, where each t; € [0, 1]
as before. The factions then respond as before, by allocating their labor among production,
resistance, and internal conflict, (p;, 7, ¢;), subject to the budget constraint, Equation 1. I
consider tax schemes such that t; > t5; as the factions remain identical ex ante, this restric-

tion is without loss of generality. The utility functions for the government and the factions
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are now

uG(t,p,r,c) = 7(t1, r)pr + 7(t2, 7)p2,
ui(t,p, 7, c) = wilc) [T(ty, 7)p1 + T(t2, 7)p2] -

If the government chooses the same tax rate for both groups, t; = t;, then each player’s
utility is the same as in the original model with that rate. Throughout the analysis of this
extension, I impose an additional technical condition on the function that translates ¢; into
effective strength in the internal conflict: I assume ¢'/¢ is convex.?

Similar to above, let ['(¢1,t3) denote the labor allocation subgame following the govern-

ment’s choice of the given tax rates. Notice that in the model with asymmetric taxation we

have
dui(t,p,r,c)  o(c) .
Ip; — o(a) + o(c)) (= tiglri 7).
dui(t,p,r,c)  ¢lc)

or o)+ oley| ¢ T Tt op)

dultoprd) __ deole) o
dc; ~ (d(ci) + d(c;))? (1 = tig(ri +3))pi + (1 = tig(ri +75)p;] -

To analyze the extension, I first consider how the factions would respond to the choice
of unequal tax rates. Naturally, as taxation reduces the marginal benefit of production, the
faction that is taxed more produces less in equilibrium. The more highly taxed faction then
shifts some of the labor it would have spent on economic production into resistance and
internal conflict. This has the counterintuitive implication that the equilibrium payoff for
the more-taxed faction is no less than that of the less-taxed faction. By reducing a group’s
incentive to produce, the government increases its incentive to appropriate from the other
group, resulting in it taking home a disproportionate share of the total post-tax output. This
result is reminiscent of the “paradox of power” characterized by Hirshleifer (1991), wherein
seemingly weaker groups expend disproportionate effort on appropriation. The following

proposition summarizes the equilibrium responses to unequal taxation.

Proposition A.4. In the game with asymmetric taxation, if the government chooses t1 > to,
then py < po, 11 > 1o, and c¢; > co in any equilibrium of the subsequent labor allocation

subgame.

Proof. First I will prove ¢; > ¢,. To this end, suppose ¢; > ¢;; I will show this implies ¢; > ¢,

19The baseline assumptions imply that ¢’ /¢ is positive and decreasing, so convexity is a natural restriction.
The difference and ratio functional forms described above in footnote 13 both satisfy this condition.
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and thus ¢ = 1. Log-concavity of ¢ implies ¢'(c;)p(c;) < ¢'(cj)P(c;), so we have

ﬂ_caui(tapa r, C) S ﬂ_cauj(tapa r, C) )
861‘ aCj

The first-order conditions of equilibrium then imply

i 7Tp@m(t,go,7",c)’Wraui(zf,p,r,c) < max 7Tpauj(t,p,r,c)’ﬂrauj(zf,p,r,c) ‘
Op; or; Op; or;

As ¢(c;) > ¢(cj), this can hold only if 1 — t;9(r; + ;) < 1 —t;g(ri +1;); ie, t; > ;.
I now prove r; > ry. First suppose ¢; > 0. The first-order conditions of equilibrium,

combined with the fact that ¢; > ¢o, imply

t t t t
WCGUQ( D, T, C) > Wcaul( , Dy T, C) > 7T7,6211( D, T, C) - 7Tréug( D, T, c)‘
802 801 87”1 87’2

It then follows from the first-order conditions that ro = 0, which implies 71 > 5. On the
other hand, suppose ¢; = 0, in which case ¢co = 0 per above. It is then immediate from the
budget constraint that r; > ry if p; = 0, so suppose p; > 0. The first-order conditions and
t1 > to imply

7Tpauz(t,p, T, ) - 7Tpaul(t,p, T, ) _ Ouy (t,p,r,c) o Ous(t, p,r, c)'

8p2 3191 B 87”1 (97”2

It then follows from the first-order conditions that ro = 0, which implies r; > 7.

Finally, under the budget constraint, ¢; > ¢ and r; > 79 imply p; < ps. n

The factions’ responses show why asymmetric taxation is ultimately unprofitable for a
labor-financed government. There is obviously no profit to be made from the more highly
taxed faction, as it reduces its production in response to the greater taxation. But as the
more-taxed faction increases its appropriative efforts, the less-taxed faction also loses some of
its incentive to engage in productive activity. The decrease in the less-taxed faction’s incen-
tive to resist does not make up the difference, as the marginal benefit of resistance remains a
function of the government’s overall payoff, just as in the baseline model. Ultimately, then,

the government is no better off having the ability to set unequal tax rates across groups.

Proposition A.5. Asymmetric taxation does not raise the equilibrium payoff of a labor-

financed government.

Proof. Assume t; > t,, and let (p,r,c) be an equilibrium of I'(ty,t). Let &, Py, and & be
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defined as in Proposition 4. In addition, let P = p; +py, R =171 + 19, and C' = ¢; + ¢s.
My first task is to prove P < B,. As any equilibrium entails P > 0, it follows from
Proposition A.4 that po > 0. If p; = 0, in which case P = py, the first-order conditions for

equilibrium imply
¢ (c2)ler)
¢(c1) + ¢(c )

Rearranging terms and applying the fact that ¢(c;) > ¢(ca) (per Proposition A.4) gives

T™P(ca) >

P (p(c1) + ¢(c2))p(ca) _ 2mPd(ca)
P o) mde)

Under this inequality, P > P, would imply ¢, > &, violating the budget constraint. There-
fore, P < P,. Next, suppose p; > 0, so the first-order conditions for equilibrium imply

. FPe)ple)
(1 —tig(R)) > e @le) + () [P —(t-p)g(R)], i
(] — ¢’ (c2)9(c1) o '

As log ¢ is concave and its derivative is convex, ¢; > ¢y (per Proposition A.4) implies

¢'(c1)/p(c1) < ¢ (ca)/d(c2) and

l ¢/(01) ¢/(Cz) ¢/(C/2>
2(wq> m@)z |

In addition, p; < py and t; >ty imply

t1+1
( ! 5 2>P2t1p1+t2p2-

Summing the conditions in (A.32) and applying these inequalities gives

2P (1 _h ;tQQ(R))

1)
. t+t ¢'(C/2)
> 7°p (1 =5 9(B) (¢(C/2>)



Simplifying and rearranging terms gives

207¢/(C/2)
= 76(0f2)

As in the previous case, the budget constraint then implies P < P.
If t;g(R) <t for each i = 1,2 such that p; > 0, then P < Py implies ug(t, ¢, p,r) < toFy,
as claimed. So suppose there is a group ¢ such that p; > 0 and t;9(R) > to. The first-order

conditions for equilibrium imply
(1= tig(R)) = 7" (=g (R))(tip: + t;p;)-
This inequality, combined with log-concavity of g and the assumption that t;g(R) > t,, gives

uG(t7p7 C, T’) = (tlpl + t]p])g<R)

~(9(R)\ (1 —tig(R))
(9’(3)) mr

= (9’20)) Wp(lﬂ: .

P B
(7”’ - WTPOQ'@)) ’

040,

>

as claimed. n

This brief extension demonstrates that the earlier results for labor-financed extraction
do not depend on the assumption of equal tax rates across factions. All else equal, a labor-
financed government benefits from social order and has no incentive to create inequality
where none exists before. What this extension does not answer is how asymmetric tax rates
would interact with ex ante asymmetries in productivity or size among factions, a topic that

is beyond the scope of the present analysis.

A.5.2 Conquest

In the conquest model, a set of N factions compete with each other and with an outsider,
denoted O, for the chance to be the government in the future. The incremental value of being
the government is v(/N) > 0, which may increase with N (when capital is the main source
of revenue) or decrease (when labor is the main source of revenue). Each faction has L/N

units of labor, which it may divide between two activities: s; > 0, to prevent the outsider
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from taking over; and d; > 0, to influence its own chance of becoming the government if the

outsider fails. Each faction’s budget constraint is*

L
. d f— —_—. .
s +d; = i (A.33)

The success of the attempted takeover depends on how much the factions spend to combat
the outsider. I assume the outsider’s military strength is a fixed value, 5o > 0, so the outsider
is not a strategic player here. The assumption that the outsider’s strength is exogenous is of
course a simplification, but it is plausible in situations where the outsider marshals its forces
before fully understanding the internal political situation—such as in Cortés’s incursion into
the Mexican mainland, and other early maritime colonial ventures. The probability that the

outsider becomes the government is

So
; (A.34)
So + X(Z?Ll 5;)

where y : [0, L] — Ry represents the translation of society’s labor into its strength against

the outsider. In case the outsider fails, the probability that faction ¢ becomes the government

U(d;i)
Zj‘vﬂ @U(dj),

where v : [0, L/N] — R, represents the translation of an individual faction’s labor into its

18

(A.35)

proportional chance of success against other factions. As with the function ¢ in the original
model, I assume x and v are strictly increasing and log-concave.
The factions simultaneously choose how to allocate their labor, subject to the budget

constraint (A.33). A faction’s utility function is

o) XTI
S0 0ld) S0+ (T s)

u;(s,d) = X v(N), (A.36)

where s = (s1,...,sy) and d = (dy,...,dy).
I begin by characterizing the equilibrium of the conquest game. Throughout the proofs,
let x = log x and 1& = log . I will characterize equilibria in terms of the criterion function

N -1

QU(5: M) = 08 + o)t (15 - (S, (A37)

20The assumption of unit productivity for each activity is without loss of generality. The model here with
functional forms x(S) = x(7°S) and (D) = ¢ (7?D) is isomorphic to a model with the common budget
constraint s;/7° + d;/m® = L/N and functional forms ¥ and 1.
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which is strictly increasing in both S and N.

Lemma A.15. The conquest game has a unique equilibrium in which each

0 Q*(0; N) >0,
si={ S(N)/N Q¥(0;N) < 0,Q%(L; N) >0,
L/N Q%*(L;N) <0,

0
0

)

and each d; = L/N — s;, where S(N) is the unique solution to Q*(S(N); N) = 0.

Proof. Like the original game, the conquest game is log-concave, so a pure-strategy equi-
librium exists can be characterized by first-order conditions. In addition, the proof of
Lemma A.7 carries over to the conquest game, so in equilibrium each d; = d; for i,j € N.
The claim then follows from the first-order conditions for maximization of each faction’s
utility. O

The strategic tradeoff for the factions here is analogous to the tradeoff between resistance
and internal conflict in the baseline model. Critically, the relative marginal benefit of fighting
the outsider declines as the number of factions increases. When the number of factions is
large, any individual faction’s chance of becoming the government if the outsider loses is
small, which in turn reduces its incentive to contribute to the collective effort against the
outsider. Consequently, as the following result states, the outsider is more likely to win the

more divided the society is.

Proposition A.6. In the conquest model, the probability that the outsider wins is increasing

in the number of factions, N.

Proof. 1 will prove that the equilibrium value of ), s; decreases with the number of factions.
Let (d,s) and (d',s’) be the equilibria at N and N’ respectively, where N’ > N, and let
S=>siand S’ =, If S =0, then Q¥(0; N) > 0 and thus Q*(0; N’) >0, s0 S’ =0
as well. If S € (0, L), then S = S(N), which implies Q%(L; N) > 0 and thus Q% (L; N") > 0.
This in turn implies either S’ = S(N') < S(N) or S’ = 0 < S(N). Finally, if S = L, then it
is trivial that S’ < S. O

A.5.3 Informal Sector Production

In the baseline model with a capital-financed government, the factions’ only choices are

resistance and internal competition. Here I extend the model to allow factions to allocate
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labor to the informal sector, which has a fixed marginal value and cannot be expropriated
by the government or by other factions. Let o; denote informal sector production, and let
k > 0 denote the per-unit consumption value. Each faction’s utility function in the extended
model is

ui(t,0,r,¢) = wi(c) x 7(t,r) x X + Ko;, (A.38)

and they are subject to the budget constraint

T C; L
oi+F+;:N. (A.39)
(There is no loss of generality in normalizing the labor cost of informal production to 1.)
Because the government cannot expropriate informal production, its utility function remains
as in Equation 6.

The existence and uniqueness arguments from the baseline model do not immediately
carry over to the extended model, as quasiconcavity is not necessarily preserved under ad-
dition. If w; is strictly quasiconcave in a faction’s own choices,?! then the arguments from
Proposition A.1 and Proposition A.2 can be adapted to prove that the labor allocation sub-
game in the extended model has a unique equilibrium characterized by first-order conditions,
in which ¢; = C and o; = O for all factions 7. From there, the argument of Lemma A.6 can
be adapted to show that total equilibrium resistance is continuous in ¢, which in turn implies
existence of an optimal tax rate per the argument of Proposition A.3. For the remainder of
the analysis of this extension, I will proceed under the assumption that wu; is strictly quasi-
concave in a faction’s own choices, so that the existence and continuity of equilibria in the
labor allocation subgame can be presumed. Additionally, I will assume ¢(0) > 0 to ensure
the utility function is everywhere continuously differentiable.

My goal is to show that the main substantive result of the baseline analysis with a capital-
financed government—namely, that the government’s equilibrium payoff increases with the
extent of social fractionalization (Proposition 2)—holds up in the environment with informal
production. T first consider a global result, showing that the government extracts the full

resource endowment in equilibrium if fractionalization is great enough.

Proposition A.7. In the model with a capital-financed government and informal production,
if N > w, then there is an equilibrium where t* = 1 and each (0f(1),7r(1),cf (1)) =
(£,0,0).

Proof. 1 begin by proving that each o (1) = £ (and thus r}(1) = ¢;(1) = 0 by the budget

2L A sufficient condition is that w;(c) - 7(¢,r) is strictly concave in (c;,7;).
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constraint) under the hypothesis of the proposition. It will suffice to show that the first-order
conditions for a best response are satisfied for each faction at the proposed allocation. The

relevant partial derivatives are:

Ou;(t, 0,1, ¢)
807;

aui (ta o,r, C) —g/(O)
a’l”i N ’

Ou;(t, 0,1, ¢)
Qci

:/{’

=0.

If N> w, then we have

Ou;(t, 0,7, c) L0u(t,o,r,c)  0u(t,o,r,c)
— = 2> maxq T T ,
00; or; dc;

confirming that the proposed allocation is an equilibrium.

To conclude, I must prove that ¢* = 1 is optimal for 1. Because ), 7(1) = 0, the
government’s expected utility from t* = 1 is ug(1, 0*(1),7*(1),¢*(1)) = X. Regardless of the
factions’ responses, no other tax rate can yield a strictly greater payoff for the government,

so the proposed tax rate is optimal. O

I next prove a local result, showing that the government’s utility decreases with frac-
tionalization when there is positive informal production in equilibrium. As in the proof of
Proposition 2 above, I treat N as though it were continuous so as to obtain comparative

statics via implicit differentiation.

Proposition A.8. In the model with a capital-financed government and informal production,
if there is an equilibrium where t = t* and each o} (t*) > 0, then the government’s equilibrium

utility s locally non-decreasing in N.

Proof. As in the proof of Proposition 2 above, it will suffice to show that R*(¢*) locally
decreases with N. The claim holds trivially if R*(¢*) = 0, so consider the case where
R*(t*) > 0. In this case, equilibrium resistance is defined by the condition
r 8ul<t*’ o7, C) WT(—t*g/(R* (t*))) auz (t*v o,T, C)
v =

= = K

or; N do;

Convexity of g implies —¢’ decreases with R*(¢t*). Therefore, as N increases, R*(t*) must

decrease in order to maintain the condition. OJ
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A.5.4 Incomplete Information

In the baseline model with a labor-financed government, the equilibrium tax rate is to, the
highest level at which there is no resistance (Proposition 5). The proof that such a govern-
ment’s equilibrium payoff decreases with fractionalization (Proposition 8) depends on this
property. In this section, to probe the robustness of the result relating fractionalization
to government revenues, I consider a simple extension of the baseline labor-financed envi-
ronment in which the optimal tax rate may engender positive resistance. The main result
still holds true in this environment: the government’s equilibrium payoff decreases with the
extent of fractionalization.

To introduce the possibility of positive resistance in equilibrium, I assume there is in-
complete information about the labor cost of resistance at the time that the government
chooses the tax rate. After the government chooses ¢, Nature draws n" from a distribution
over {m}, 7} }, where 7j < m},, and reveals its value to all players. The factions then play the
labor subgame as usual. The prior distribution of 7" and the values of all other parameters
are common knowledge from the outset of the game. Let { = Pr(n” = 7}), and to avoid
trivialities assume & € (0,1).

The incomplete-information setup creates the possibility of nonzero resistance occurring
with positive probability along the equilibrium path. Let ¢y, denote the greatest tax rate that
engenders no resistance if 77 = 7} (Equation A.21), and let £y, be defined analogously. We
naturally have £, < tos, so the government can guarantee no resistance by choosing ¢t = tgy,.
A choice of t € (th, 'E()g] will raise the government’s payoft in case 7" = 7, but will lower it
in case 7" = m;. Following the same risk-reward tradeoff logic as in bargaining models with
incomplete information (Fearon 1995), it is optimal to choose ¢ > fgy if ¢ is sufficiently small.

For tractability, I impose specific functional forms to analyze the extended model. Let
o(c;) = ¢, so that w; is a ratio-form contest success function. Let g(R) =1 — R, so that the
relationship between total resistance and the effective tax rate is linear. Finally, to reduce
clutter in the analysis, I normalize L = 1. Consequently, I also assume 7; < 1, so that
g(R) > 0 for all feasible R € [0, 7" L].

With these functional forms, the labor allocation subgame has a closed-form solution
for each value of 77. Lemma A.3 implies each ¢; > 0 in equilibrium, so each #; > 1;
the equilibrium following any ¢ > #, will thus be characterized by (A.16)-(A.18). It is

straightforward to verify that the equilibrium conditions imply the following:

_ P
Poy = Poy, = N
N N
e — N—*—’]Tg’



N

toh = ————
Oh N+7T]7;’
- P (l — 1+ 7TT)
Ppy(t) = —4 h
W) = V)
. N(1-13)+m
Ru(t) = ( N—it—)l .

For any t > g, the effective tax rate in case 7" = 7}, is

. N+1]—[N1—1)+m, N+ (1—mp)t
t(l — Rm(t)) =t | | =N =) ¥ i) _N+{-m) :
N+1 N+1
The government’s utility in this case is therefore

N+ (1 —m)t y ™ (1 — 1+l
N+1 7y (N +1)

¢ (1 . th@)) Pia(t) =

_ TN 1 |4t +7Tp(1 —mp)[1—(1— W;)t]' (A.40)
(N +1)2 |t 7 (N +1)2
>0

I now prove that the government’s expected utility strictly decreases with N in the incom-
plete information game, even when the equilibrium entails positive probability of resistance
along the equilibrium path. Arguments from the baseline analysis imply that no t < o,
or t > to; may be optimal, so we may restrict attention to t € [foh,fgg]. In this range, the

government’s expected utility from any tax rate is

Elug(t,p*(t), r*(t), ¢ (t))]
=< [t <1 - Rm(t)) pm(t)} +(1-¢) [tpoe]

e N [1 } LErU-m-(-m)] (-9t

- -1
aNTE (N 1 1) N

This expression is strictly convex in #, so it is maximized at one of the boundary points,
t e {th,fog}. At the lower boundary, t = fom the tax demand engenders no resistance

regardless of the factions’ type. This yields a government payoff of

P

ton P 1— &ty Py = ———
EtonPon + (1 — &)tonPo N+
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which is strictly decreasing in N. At the upper boundary, ¢ = #(, the government’s payoff is
gioe (1= Run(ior) ) PunClor) + (1 = E)forPor

It is evident from Equation A.40 that (1 — Ryx(t))Pus(t) is strictly decreasing in both
N and t. Since ty is increasing in N, this means the first term of the expression here is
strictly decreasing in N. Meanwhile, the baseline model result Proposition 8 implies that the
second term is strictly decreasing in NV, as it is simply a scalar multiple of the government’s
utility from the complete-information game where 7" = 7. Altogether, we have that the

government’s equilibrium expected utility,

max Blug(t,p° ()7 (£), " (1))

= max {E[UG(??OMP*({%), T*(foh% c' (Ltoh))LE[UG(tAoeap*(fof), T*<£0£)7 C*(??oz))]} )
is strictly decreasing in [V, just as in the baseline model.

A.5.5 Combined Capital and Labor Financing

In the baseline model, each player’s utility is a fraction of either exogenous resources X or
endogenous production ) . p;. I now extend the model to allow these to be combined, altering
the production function to f(p) = X + >, p; (where X > 0). In the extended model, the
government’s utility is U-shaped as a function of social fractionalization. Marginal increases
in fractionalization reduce government revenues at low levels (when equilibrium behavior
resembles the baseline model with a labor-financed government), but increase revenue once
N is high enough (when behavior is more like in the capital-financed baseline). Additionally,
as the value of the exogenous resource X increases, the portion of the parameter space where
fractionalization increases revenues grows.

As in the extension with incomplete information (subsubsection A.5.4), I impose partic-
ular functional forms to allow for a closed-form solution. Specifically, I again let ¢(¢;) = ¢;
and g(R) =1— R, and I assume L = 1 and 7" < 1 to ensure that g(R) > 0.

Equilibrium with low fractionalization. If N < 1 + ’;(—p, then the equilibrium closely re-
sembles that of the baseline model with a labor-financed government. (All of the following
statements can be verified by checking them against the first-order conditions for optimal

labor allocation.) Behavior in the labor allocation subgame is determined by two cutpoints

37



NP

on the tax rate. If t < o = N then we have

Navfrr (P+X)
™ — (N -1)X
Pr(t) = ;
() N ’
R*(t) =0.
Ifig <t <t = m, then we have

m™(r"+1—-1) = N1"X

Pt = (N + Dn !
R

Finally, if ¢ > ¢;, then we have

Note that ¢; > 1 if and only if N < %
I now solve for the government’s optimal tax rate. Clearly no t < ¢, may be optimal.

For t € [ty, ], government revenues given equilibrium responses by the factions are

ug(t,p*(t), r*(t), c*(t))
_txl—R*t) X+P*())

(e T
g~ 2 Ao 2) o

Because 7" <1 and = < N 7, we have
d >k * >k ¥4 B T’
UG(t7p (t),?" (t>’c (t)) _ T _E -1 —|—7T + X
dt (N+1)2| ¢ 7P
P (X N
(N+1)? 7P 2
7P [ 1
- N
(N+1)2|N-1 ]
<0
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Therefore, no t € (fo,fﬂ may be optimal for the government. Meanwhile, for ¢ > ¢; the

government’s payoff is

ug(t,p*(t),r*(t),c*(t)) =t x (1 = R*(t)) x X
(1—7)t+N—1
N X X,

which is weakly increasing in ¢ (strictly if 77 < 1). Therefore, no t € [t;, 1) may be optimal
for the government.

If N < }—p, so that #; > 1, then the argument above implies that t* = #,. Otherwise, if
%p <N<1+ }—p, then the optimal tax rate depends on the government’s preference between

t =ty and t = 1. We have

ug<2?0,p*(£0>,7”*(£0),C*(f())) = tAO X (X + P*(fo)) - NW;T:_(ZPT(—:ijl )()7
u(Lp (), (1) = (- By x =X

It is evident from these expressions that the government’s utility from ¢ = £, is decreasing in
N, while its utility from ¢ = 1 is increasing in /N. This implies that there exists a cutpoint
N* € [Z,1+ %] such that t* = {o if N € [0, N*] and t* = 1 if N € (N*,1+Z). Additionally,
the government’s equilibrium utility as a function of N is decreasing on [2, N*) and increasing
on (N*,1+%2).

Equilibrium with high fractionalization. If NV > 1 + ’Typ, then the equilibrium resembles
that of the baseline model with a capital-financed government. If t < ty = #’jﬂ, then
P*(t) = R*(t) = 0. Otherwise, if t > tx, then equilibrium labor allocation is the same as in

the case above with t > {;:

P*(t) = 0;

R*(t):wr—(N—l)(l—l)'

It then follows from the same arguments as above that the government’s optimal tax rate
is t* = 1. Combined with the results from above, we now have that the government’s

equilbrium utility as a function of N is decreasing on [2, N*) and increasing on (N*, 00).

Exogenous resources and the cutpoint. The last step of the argument is to show that the

government benefits from fractionalization under a wider set of parameters as the resource
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Figure A.1. Government’s equilibrium payoff as a function of N and X in the extension with
combined resources and production.

endowment increases; i.e., that the cutpoint N* is decreasing in X. This is immediate in
case N* = % or N* =1+ %2 The last case to consider is when N* € (%, 1+ %), in which
case N* is defined as the root of

oL, (1) (1) (1) = el o)1), ) = % - LR

Since this expression is increasing in N, to prove that N* decreases with X it will suffice to

prove that this expression is also increasing in X. We have

d [(N—-7m"X P (P + X) B 7" N(7P)?
dx N C Nrt 4+ (nr+X)| 0 N [Nav+ar(xr + X)2
N—-7" -1
N
>0

)

where the final inequality holds because 7" < 1 and N > 2. Therefore, N* decreases with
X. Figure A.1 illustrates how the government’s utility is U-shaped in N, as well as how the

range where N increases revenues expands as X increases.
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