Online Appendix
Democracy and its Vulnerabilities:
Dynamics of Democratic Backsliding

Formal Proofs

PROPOSITION 1

Proof of Proposition 1. Let U denote the citizen’s expected payo
in any period the incumbent is the leader with the fixed level of advantage p. Then,

U=p((1=08)x+dU)+(1—p)(v+ (1 —~)max{(1—0)z+ U, ow(y)}).
Assume (1 — )z + dU > dw(7y), then

U=p((1-=080)z+dU)+(1—-p)(v+ (A —=7)(1 =08z +U),

so that
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if and only if p < TICR Hence, U = U,(p, 7, z) if and only if p <
Now assume (1 — )z + 6U(p) < dw(y), then

dw(y)”

U=p((1—=238xz+dU)+ (1—puw(y),
so that

_ 1—=9)p 1—p

_1=9p (1 (= 5)p> W),

1—9dp 1—9dp




But

(1 —08)x+ 6Uy(p,x,7y) = 1—-0 xr+ (1 — (1- 5)p> dw(7y)

1—9dp 1—9dp
= 6w () + 1 (&~ pou()
< dw(7)

if and only if p > 5wx(7). = Uy(p,, ) if and only if p > (wa(w). [ |

LEMMA 1

Proof of Lemma 1. Let 8 be given and note that Uj is a fixed point of transformation
T that maps each bounded function ¢ on [0, 7] to another bounded function Tjs¢ such that
for each p € [0, 7],

Ts¢(p) = p((1=0) + 6E3(¢lp)) + (1 —p) (v + (1 — ) max {(1 = &) + 0 Eg(¢[p), dw()}) .

Clearly, T} is a contraction mapping, so that Ug is its unique fixed point and for any sequence
of bounded functions ¢™ on [0, 7] such that ¢"* = Tz¢", lim,, o, ¢" = Us.

Consider any function ¢ such that U(r,vy,z) < ¢(p) < U(p,~,z) for all p € [0, . First,
Tsp(p) = 7 ((1 = 0) + 0Es(¢lp)) + (1 — m) (v + (1 = y) max {(1 — 0) + 6 E(¢|p), dw(v)})
7 ((1=0) + 0B (U(m,7.2)lp))
(1 =) (74 (1 =y max {(1 = 8) + 6B (U(m. 7, )lp) , dw(7)})
(1 =0)+0U(r,v,2)) + (1 =) (v + (1 = y) max {(1 = 8) + 6U (w7, z), 6w (7)})
(7, )

v

I
_l’_

I
< A

holds for all p € [0,7]. Hence, T > U(w,v,x). Second, because U(p,7,z) is strictly
deceasing in p,

Tso(p) < p((1 - 6) + 65 (U (7. 2)lp))

+(1=p) (v + (1= y)max {(1 = 8) + 6B (U (-, 7, )lp) , ow(7)})
<p((1—=6)+0E; (T(p,7,2)lp))
+(1=p) (v+ (1 —y)max {(1 = 6) + 0B (U(p,y,2)lp) , sw(7) })
=p((1=0)+00(p,7,2)) + (1= p) (v + (1 = ) max {(1 = 8) + 6T (p, 7, v), dw(y)})
=U(p, 7, )

holds for all p € [0,7]. Hence, Tspp < U(-,7,x). Define ¢' = U(-,v,x) and ¢"™! = Tsom.



Because U(w,v,z) < ¢! < U(-,7,2) and because U(w,v,z) < ¢" < U(-,~, x) implies that
U(m,y,2) < Tpg" = ¢"* <U(-, 7, ),
it can be proved inductively that U(r,v,z) < ¢" < U(-,,z) for all n. Therefore,
U(m,v,2) < lim ¢" =Us < U(-,7,2).
It follows that
U(m,v,2) < Us(p) <U(p, 7, )

holds for all p € [0,7]. =

PROPOSITION 2

Proof of Proposition 2.
Backsliding with support. First, suppose x > mwow(7y), or equivalently, = < #('y)‘ Then,

according to Proposition 1, (1 — )z + dU(7,v,x) > dw(7y). In turn, according to Lemma 1,
(1= )z + 8E5(Uslp) = (1 — 8)a + 65 (T(m,,0)lp) = (1 — )z + 6T (., ) = duw ()
holds for all # and all p € [0,7]. This implies that in any equilibrium the citizen’s strategy

is k* such that £*(p) = 1 for all p € [0, 7.

L, is a fixed point of transformation R that maps each bounded function ¢ on [0, 7] to
another bounded function R¢ such that for each p € [0, 7],

Fofp) = (1= (1 =p)) (1= 5+ [ max {6(). ()} dFy(a)).

Clearly, R is a contraction mapping, so that L, is its unique fixed point and for any sequence
of bounded functions ¢" on [0, 7] such that ¢"™' = R¢", lim,, o0 ¢" = L.
Consider any function ¢ that is increasing on [0, 7] and p, p’ such that p < p’. Then,

Ro(p) = (1= (L=p)) (1=0-+6 [ max {6(0). 6(p)} dFy(a) )
<= =p)) (1=0+3 [ max {o(a).0p)} dFy (a))
< (1= =p)) (1= 043 [ max{ola). o)} dFy (o))

= Ro(p')
Define ¢!(p) = % for each p € [0,7], which is strictly increasing in p, and



¢t = Rg™. Because ¢'(p) < ¢'(p') and because ¢"(p) < ¢™(p') implies that
¢"(p) = Re"(p) < Re"(p) = "7 (V)
it can be proved inductively that ¢"(p) < ¢"(p) for all n. Hence,

Ly-(p) = lim ¢"(p) < lim ¢"(p') = Ly (p')

n—oo n—o0

and, in turn,
Ly (p) = RLy(p) < RLy-(p) = L= (p).

It follows that L,.(p) is strictly increasing in p, so that L.(q) > L.+(p) for any p and
q > p. This implies that given that the citizen has x*, it is optimal for the leader to pursue
a strategy of backsliding at p = 0.

Therefore, when = > wdw(7y), there is a unique equilibrium (5%, x*), in which g* is a
strategy of backsliding at p = 0 and x*(p) = 1 for all p.

Backsliding against opposition. Now suppose x < wow(7y), or equivalently, %() <, and

let (8*, k") be any equilibrium. Due to Proposition L, (1 =48z + 5U( IRAES ) = ow(y).
In turn, according to Lemma 1, for any p >

5w('¥)

p) < (1= d)z+ Eg (T(7,2)lp)
< (1-d)z+ Ep (U<p, 7, x>|(sjw)
=(1—=0)x+0U(p,, )
<(1-8)z+6U (%”)
= ow(7).

This implies that x*(p) = 0 for all p >

Now let p > ﬁ
transformation R that maps each bounded function ¢ on [p,7] to another bounded
function R¢ such that for each p’ € [p, 7],

5w(7)
be given. Then, restricting on [p, 7], L.+ is a fixed point of

Ro(w) = p' (1= 0+0 [ max{o(a). o)} dFy (@)

R s a contraction mapping, so that the restriction of L.« on [p, 7| is its unique fixed point and
for any sequence of bounded functions ¢ on [p, 7] such that ¢" ™! = R¢™, lim,, o0 ¢" = L,-.



Consider any function ¢ that is increasing on [p, 7] and p/, p” such that p’ < p”. Then,

Bo(p) = p' (1= 3+0 [ max{o(a), o)} dF (o))
(1 — 6+ 5/ max {¢(q), o(p')} de”(Q))
'

1—6446 /p// max {¢(q), p(p")} dFpr (q))
qb(])//
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Define ¢'(p) = gp for each p’ € [p, 7], which is strictly increasing in p/, and ¢"™! = Ro".
Because ¢'(p') < 1( ") and because ¢™(p') < ¢™(p”) implies that

¢ (p) = Re"(p) < RO"(p") = " (1)

it can be proved inductively that ¢"(p’) < ¢"(p”) for all n. Hence,

Ly-(p') = lim ¢"(p') < lim ¢"(p") = Ly (p")

n—00 n—0o0

and, in turn,
Ln* (p/) = ELR* (p/> < ELH* (p//) = LH* (p//)’

It follows that L,«(p') is strictly increasing in p’ € [p, 7], so that L.«(q) > L.«(p") for any
p’ > pand g > p'. This implies that given that the citizen has k*, it is optimal for the leader
to pursue a strategy of backsliding at p.

Therefore, when = < wdéw(y), for any equilibrium (*, x*) and any p > 6wgiv)’ B* is a

strategy of backsliding at p and k*(p) =0. =

PROPOSITION 3

Proof of Proposition 3. Let (8*, k%) be an equilibrium that sustains democracy with
[* being a strategy of stopping at a given p* < w. Proposition 2 has two implications. First,
it must be true that x < méw(y), because otherwise 5* has to be a strategy of backsliding
at p = 0. Second, it must be true that p* < =, because 3" is a strategy of backsliding at
any p > 5 ( 7- This, according to Lemma 1, 1mphes that (1 — )z + 6U(p*, v, z) > dw(y).

Consider any function ¢ such that ¢(p) > U(p*,v,z) for each p € [0,p*]. Because
B*(q,p) = 0 for all p < p* and ¢ > p*,

Eg-(¢lp) = /:* (1= B8%(g,p)) 6(p) + 5" (¢, p)6(q)) dF(q) + (1 = Fo(p")) 6(p) = U(p", 7, )



holds for all p € [0, p*]. Hence, for all p € [0, p*|,

Ts-¢(p) 2 p" (1 = 8)x + 6Ep-(¢lp)) + (1 = p*) (v + (1 = y) max {(1 — 6)z + 6 Eg+ (¢[p), dw(v)})
p (1 =)z + 35U, v, 2))

+(1—p") (7 + (1 — v) max {(1 — 8z +6U(p*, v, 2), 6w(7)}>

Up*, v, x).

Define ¢! = U(-,v,z) and ¢"™' = Tz.¢". Because ¢' > U(p*,7,z) and because ¢" >

U(p*,~, ) implies that ¢"*! = Tj.¢", it can be proved inductively that ¢" > U(p*, v, z) for
all n. Hence,

v

U = lim Tp-¢" > U(p*, 7, 7).

n—oo

Therefore, for all p < p*,

Ep-(Us-|p) = /pp* (1 =B"(q,p)) Us+(p) + 5(q,2)Us- (q)) dFp(q) + (1 = Fp(p*)) Us-(p)
> Ulp*, v, z),
so that

p) > (1=0)z+0U(p",v,2) > dw(y),

which in turn implies that x*(p) = 1.

Because k*(p) = 1 for all p < p*, the restriction of L,- on [0,p*] is the unique fixed
point of R, which is strictly increasing on [0, p*] (see the proof of Proposition 2). Therefore,
for any p, ¢ such that p < ¢ < p*, Le(q) > Lx+(p), so that 5*(¢,p) =1. =

LEMMA 2 AND LEMMA 3

Proof of Lemma 2 and Lemma 3.  First, because L is the unique fixed point of
R, it must be strictly increasing on [0, 7] (see the proof of Proposition 2). L*(-,~v|p*) is a
fixed point of transformation ]?ip* that maps each bounded function ¢ on [0, p*| to another
bounded function Rp*qﬁ such that for each p € [0, p*],

*

Ryo(p) = (1— (1 - p)) (1 54 ( [ s@ara + (1 - B ¢<p>))

*

— == (1-5+0 (o) + [ 6l - o) dmw) )

Note that ]?Zp* is a contraction mapping, so that L*(-, vy|p*) is its unique fixed point and for any
sequence of bounded functions ¢™ on [0, p*] such that ¢" ™ = R,¢™, lim,, o ¢" = L*(-,y|p*).



Consider any function ¢ that is increasing on [0, p*] and p,p’ < p* such that p < p’. Then,
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It follows that
Ryotf) = (1= (=) (1= 35 (006) + [ 00a) ~ o0 arv(0))
> == (1-5+5 (00 + [ (0l0) - 60 B0 )
>(1—(1—p)’y)<1—5—|—5< *

- Ep*(b(p)-

Define ¢'(p) = % for each p € [0,p*], which is strictly increasing in p, and

¢+ = R,e6". Because ¢1(p) < ¢(p') and because ¢"(p) < ¢"(p') implies that

¢n+1 (p) _ Rp*¢n<p> < Ep*(bn(p/) _ ¢n+1(p/)



it can be proved inductively that ¢"(p) < ¢"(p) for all n. Hence,
L*(p,7lp") = lim ¢"(p) < lim ¢"(p') = L*(p', 7Ip")
and, in turn,
L*(p,y[p*) = Ry L*(p.707) < Ry L' (02 |p7) = L* (0 7 10").

This implies that L*(p,y|p*) is strictly increasing in p € [0, 7.
Second, U(-,7, ) is a fixed point of transformation 7" that maps each bounded function
¢ on [0, 7] to another bounded function T'¢ such that for each p € [0, 7],

To(p)=p <(1 —5)$+5/

P

¢(Q)de(Q)> + (1= pw(y).
Let V be a function such that for each p € [0, 7,

V(p) = L(p)x + (1 — L(p)) w(),

(=8 +0([" LR @e+ (1= [" LaaR@)wm)) + (1 - pu()
LB (o)) o+ (1=p(1=0+3 [  LwdF () ) u()

Hence, V' is also a fixed point of T. Because T is a contraction mapping, it has a unique
fixed point, which implies that V' = U(-,~, z).

At last, similarly to the previous arguments, U*(-, v, z|p*) is the unique fixed point of
contraction mapping Tp* that maps each bounded function ¢ on [0, p*] to another bounded
function T,-¢ such that for each p € [0, p*],

*

T (p) = (1 - (1 - p)) ((1 S td ( [ o@iE @) + (1~ B ¢<p>)) fi—pn

Let V be a function that for each p € [0, p*],

V(p) = L*(p,y|p")x +1 = L*(p,v[p*)



and note that

Fy(r") — / *(g,71p")dFy () + (1 = Fy(p*) (1 = L*(p,7[p"))

TV (p) = (1— (1—p)y) ((1 —Satd ( [ v@iE@ + (- R v<p>)) -

- (-p) (6 iy ( [ L@ IaE ) + (0 B L*(pmp*))) F- )y
— (- (- (1 ot ( [ )R @) + (1 - B) L*<p,wp*>)) .
(- () (1 5t ( [ )R+ (1= BG) L*(mlp*)))

= L*(p,y|p*)x +1—L*(p,7[p*)
=V(p)

holds for each p € [0,p*]. Therefore, the uniqueness of U*(-,7,xz|p*) indicates that
V =U*(,7v,z[p*). =

PROPOSITION 4

Proof of Proposition 4.
Defining thresholds. Because L*(p,~y|p*) is strictly decreasing in p, first

L) = =) (1045 ( [ b ar @) + 1= P67 1010 )
> (1 =7) (1 =0+ 0L (0,7[p"))
L 1=9)(—y)
T 1-61-79)"



which implies that

(1—-0)m

L*0,1—wlp*) > — 2=
(0,1 =7lp") 2 T

second,

L*(0,v[p*) < L*(p*,vIp")

=1 —-1-=p)y)(A—=0+6L(p",7Ip*))
c1=0)A-01=p)y)
T l-d(1-(1=p)y)

which implies that

1-— 1-—
L* <07 u |p*> S ﬂ?

1—p* 1—6m

where the equality holds if and only if p* = 0. Hence, because L*(0,y|p*) is strictly decreasing

in v, there exists a unique g(p*) € {1 -, 11_’;1} such that

L7 (0, 9(p")lp") = m

and L*(0,v|p*) > (1 5 if and only if v < ¢g(p*). By definition, g(0) = 1 — 7, and for any
p* > 0, because L* (O,ﬁ|p) < (1 gzr , g(p*) < 11_’;1. Moreover, because L*(0,~|p*) is
strictly increasing in p*, it must be true that g(p*) is strictly increasing in p*.

Clearly from the text, (1 —d)z + [ U(q, v, )dF,(q) < dw(y) if and only if

(1 — (1 — /; L(q)de*(q)) 6) T+ (1 — /pﬂ L(q)de*(q)> Sw(v) < dw(v),

*

which is equivalent to

r < h(p”)dw(y),
where

h( *) .: fp’i L(Q)de* (Q)
TS (1 LR (@)

Because L(p) is strictly increasing in p, so is [ L(q)dFy-(q), which implies that h(p*) is
strictly increasing in p* and is bounded below

10



At last, because L(p) is strictly increasing in p,

L) =p(1-6+5 [ L@ar )

> p (1= 5+ 3L()
(1—-9)p

~ 1—9dp

holds for all p < 7*, which in turn implies that

(1-6)p”
1-0p* *

h(p*) > Y (1 ~ (1—5)p*) =P

1—-op*
Sufficiency. Let p* < m be given and suppose v < g(p*) and p*dw(y) < x < h(p*)ow(y).
It has been established in the text that (5*, *) defined as below constitutes an equilibrium:

L. for all p < p*, k*(p) = 1 and *(¢,p) = 1 for ¢ < p* and 3*(q,p) = 0 for ¢ > p*;
2. for all p > p*, k*(p) = 0 and B*(¢,p) = 1 for all ¢ > p.

In this equilibrium, 5* is a strategy of stopping at p*.
Necessity. Let (8*,k*) be an equilibrium in which * is a strategy of stopping at p*.
According to Proposition 3, 5*(q,p) = 1 for all p < ¢ < p* and k*(p) = 1 for all p < p*.
First, according to Proposition 2, 5*(¢,p) = 1 for all p, ¢ if > wow(7y), so that 5* being

a stopping strategy necessitates x < mdw(vy). Moreover, because x*(p) = 0 for all p > #(7),

dw(y)’

K*(p*) = 1 necessitates that p* < or equivalently, x > p*ow(~).

Second, for each p < p*,

1 B f]f* Ly (q)dFy(q)
Li+(p) = (L= (1=p)y) (1 5+5< + e max { L+ (q), L (p) } dF,(q) )) '

Because §* is a strategy of stopping at p*, it must be true that L.«(p) > L.+ (q) for all p,q
such that p < p* and ¢ > p*. This implies that

*

Lee(p) = (1— (1 - p)) (1 P ( [ L @B ) + (- F () L <p>)) Ry L (p)

for all p € [0,p*]. Due to the uniqueness of the fixed point of Rp*, Ly = L*(-,7|p*). Note

that because 7 > 5, K*(m) =0, sothat Ly«(m) =7 (1 = 4+ 0L+ (7)) = %. Therefore,

because L« (0) > L+ (m),

E(0Ap) = L (0) 2 Lo() = §=0

which in turn implies that v < g(p*).
Third, assume x > h(p*)dw(y), so that (1—-0)x+6 [% U(q, 7, z)dFp(q) > dw(y). Consider
any p’ > p*. Restricting on [p', 7|, U~ is the unique fixed point of T-. Because U(p,~, x) is

11



strictly decreasing in p,

(1= B(g,p) Up, v, 7) + Blq,p)U(q, 7, x)) dF}(q)

> | Ulg,v,z)dF,(q),
so that
Ts-Ulp,y,w) = p <(1 —0)x + 5/; Ulq,, fv)de(q))
+=p) (14 0= max{(1 =8z +3 [ Ulg. . 2)dF a).0u(2)})
>p (=02 +6 [ Ulg.r.2)dF0)) + (1= plu(s)

holds for all p € [p/,7]. Letting ¢! = U(-,v,x) and ¢"™' = Tp¢™, this inductively implies
that ¢ > U(-, v, x) for all n, so that
Up(p) = lim ¢"(p) = U(p, 7, )

n—00

for all p € [p/, 7]. Tt follows that

(1 = 82 + 0By (U lp') > (1= 0)a + 6B (U7, 0)lp) > (1= 6)z +6 [ Ulg, 7, 2)dFy ()

p

Because (1 —0)x +9 [ U(q, 7, z)dFy(q) > dw(y), there exists a pl > p* sufficiently close to
p*, so that

(1= 0)z+3 [ U7 2)dFy(q) > ()

p

for all p € (p*, p']. Hence, for all p € (p*, p']
(1= )2+ 0By (Upelp) = (1 =8)z+5 [ Ulg.7.2)dFy(a) > bu(3),

which in turn implies that x*(p) = 1. As a result, x*(p) = 1 for all p < p'. As shown in the
proof of Proposition 3, this implies that 5*(g,p) = 1 for all p < ¢ < p'. Because p' > p*,
this contradicts the fact that g* is a strategy of stopping at p*. Therefore, it must be true
that x < h(p*)ow(7y).

General conditions for sustainability. Democracy is sustainable if and only if there exists
a p* < m such that

v < g(p")
prow(y) <z < h(p*)dw(y)

12



Note that this condition is equivalent to

r < mow(7y)

1= (51527)) '

To establish necessity, first suppose x > mdw(y), then because h(p*) < « for all p* < 7,

x > h(p*)ow(~) for all p* < w. Second, suppose vy > g(ﬁ), then for all p* < #(7),

Y >yg (M"EV)) > g(p"). This implies that for any p*, either p* > %=, so that z < p*éw(7),
or v > g(p*), or both. In any case, the condition for sustainable democracy fails.

To establish sufficiency, let p* = 6ng(7) and note that p* < 7 because < mdw(7y). First,

9" =g (%) > 7.

Second,

h(p*)ow(y) > p*ow(y) = .

Therefore, democracy is sustained in an equilibrium in which the leader has a strategy of

stopping at p* = 51&7)'
T

At last, because g is strictly increasing, v < ¢ (m) is equivalent to xz > g~ 1(v)dw(y),

so that the condition for sustainable democracy can be rewritten as

g (7)ow(v) < x < mow().

The range for x is non-empty if and only if g7*(y) < 7, or equivalently, v < g(7). =

PROPOSITION 5

Proved in the text.
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