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A. Proofs of Main Propositions

Proposition 1 The stationary distribution of the process of opinion formation is

ebaisi
Pi (81,) = m

with mean
and variance

where 0 < p; < 1.

Proof of Proposition 1: Let P;(1) and P;(0) denote the probabilities of voter i being in

the state 1 or 0. These can be obtained from the condition
PO _ [ Pall) Palo) \ (P
F;(0) Piat(0[1) P a¢(0[0) P;(0)
. 1-— TijiAt TZ"TAt R(l)
B ’I“Z'7¢At 1-— Ti7TAt PZ(O)

which is a balance equation that any stationary probability distribution necessarily has to

satisfy regardless of the particular value of At. The solution of this eigenvalue problem is
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provided by
P\ [rig
£;(0) rig)
which does not depend on At. Hence, we can write P;(s;) as follows

eBaisi

Pi(si) = ———
where s; can assume the values 1 and 0. That is,

1 efai 1
=T = Pi(s;=1) = = :
1+ ePai’ (s ) 14 6P 14 e P

Pz'(Si = 0)

We can then calculate the mean and variance of s; with respect to the stationary distribution

above and obtain for the mean

1

i =0-Filsi =0)+1-Psi = 1) = o5 =

Ti,Ta

and for the variance

with
B[s?) = Pi(si = 0) 0+ Psi = 1)1 = Bls] = s
and hence
of = pi — it} = (1 — ).
Note that 0 < p; <1 follows from p = r; 4+ and the assumption that 0 < r;; < 1. QED

Proposition 2 For all B # —a;: 0xi(5,a;, B)/0B is non-monotonic, first increasing in 3

until a mazximum is reached at Bi(a;, B), and subsequently decreasing in 5.
Proof of Proposition 2: For any given a; and B, B # —a; we define
B:=B-la;+B|, 5>0

which allows us to write S as

B = B/|a; + B



such that

(8, ai, B) = = .
X (5 ) (1 -+ e_ﬁ(ai+B))2 |axi + B’ (]_ + e_B5)2

where € := sign(a; + B) € {—1,1}.
The last expression gives the same value for both, € = +1 or ¢ = —1 and therefore
B 1 5 e=P

la; + B| (1 + 6—3)2'

X’i(ﬁva’hB)

Because the change from  to B is merely a rescaling of 3, it suffices to show that the last
expression has a unique maximum at some §,. This depends on the properties of the function

- BeB
0=

Note that f(f) can be written as the product

f(B)=p5-9(b)

where g(B) denotes the logistic distribution g(@) = (HE_BB)Q > (. At 8 = 0 the function f(B)

starts out at zero, f(8 = 0) = 0, and has a positive slope f’(0) = 1/4 which follows from

3= YO _ 5 5. %90)
P =5 =B +5- =

and ¢(0) = 1/4. Maxima of f(/3) have vanishing slope f’(5) = 0, and occur whenever the

condition

_dg(p) 11

is met, which can be recast to
tanh (,/2) = 1/5,
Geometrically these correspond to the values of f > 0 at which the sigmoid function

tanh (B / 2) and the hyperbola 1/ {3 intersect, which happens ezactly once, because tanh <B~ / 2)

is monotonously increasing (approaching 1 for § — co) while 1/ is monotonously decreasing

(approaching 0 for B — o0). The solution can be found numerically and reads B, ~ 1.5434.



The maximum susceptibility then reads

cimn D e
Xz(ﬁ*) - ]ai+B| (1+€_6~*)2 —5* Y

where the constant v is defined by

e
+e

and corresponds to the slope of dashed line in Figure 2. The fact that all maxima are located
on a line x7(f.) ~ ¢ B, is a consequence of the fact that the susceptibility is a function of
B(a;+ B) and will also hold for a broad class of sigmoidal update functions. For more details
we refer the reader to Diermeier and Schnabel (2024).

QED

Corollary 2.1 We can also show for a fived B a voter’s susceptibility will be maximal for
B = —a; with
Xi(8,a;, B = —a;) = /4.

Thus /4 constitutes an upper bound for the susceptibility, for any a; and B.

Proof of Corollary 2.1: This follows from writing the susceptibility as

Xi(ﬁa 3 B) =0 g(ﬁ(ai + B))
where g(x) denotes the logistic distribution

€—$

g(z) = m

which has a global maximum at x = 0, i.e.

g(r) < g(0) =1/4,Vx #0.

Hence
Xi(ﬁaafivB) < Xi(ﬁ,ai,B - _(li> - ﬂ/4,VB 7£ —Q;.

QED



Proposition 3 Suppose that individuals form their opinions independently from each other
and that there are two fractions of the population such that for all a; either a; = ay > 0, or
a; =a_ < 0. Let f, denote the fraction of the population with a; = ay and f_ the fraction of

the population with a; = a_. Suppose the transition rates are such that for all i with a; = a,

1
T4 = 1+ e Bay = M+
and )
T+l = 1 +6ﬁa+7
and for all v with a; = a_
1
Tt = T e e
and .
T + efa-’

Then the aggregate opinion x is distributed as a normal distribution,

1
Py (z) = —————e~ (#=#N))*/(20°(V))

270%(N)

with mean
pW(N) = fope+ [y iy

and variance )

o*(N) = ¥ (f--0>+ fr-0%).
Proof of Proposition 3: The central limit theorem states that the average y = % Zf;l Yi
of a sufficiently large number of independent random numbers y; with finite variance 0'31_ < 00
will approach a normal distribution in the large N limit, N — oco. In our case with s; as

independent random variables and

1
Pi(s;) = 1+ o—Bai(Zsi—1)

we know that




Hence, the condition of the central limit theorem is satisfied and, for N — oo, the aggregate

opinion
1N

is normally distributed and described by a steady state distribution Py(x). Moreover, this

will also be the case for v
1
o(t) = 1 D silt) )
i=1

at any time f. Assuming the parameters § and a; are constant in time, the corresponding

distribution is given by

1

2wo?(N)

where we still need to calculate the mean p(N) = F|[x] and variance ¢%(N) = E[z?*] — u?(N).
By means of the definitions Eq. or Eq., w(N) and 0?(N) can be expressed in terms of

s; as follows

1 & 1 & 1 & 1 &
p(N) = :Ng :Ng % :Ng :Ng

where
i = Tig

denotes the average opinion of an individual i. In the case of polarized populations we have

:u(N) = E[I] = %Z (Z Z Sif- P Sza + sif+ P, (Swa-i-)) .

=1 x;=

Then, because
1
=Y siPi(s;a_)
s;=0

and
1

My = Z siFi(si; a+)

Si—o



we get

1 N
N) =5 2 (Fpe o+ fops)

= fop— + [y

The population variance for heterogeneous a; is defined by

and calculated next. The quantity 2 can be expressed in terms of s; as follows

2_1NN
= 3D s (1)

i=1 j=1

Taking the expectation on both sides,

Elz? = %E[Z Z si(t)s;(t)] % Z Z E[s:(t)s;(1)]
S ; Blsi(0)5i(0)] + 33 ;];ﬁ Els:(t)s;(2)]

and using
Elsi(t)s; ()] = Elsis;] = Elsi]Els)]

for i # j (due to the assumed time-independence of a; and § and the statistical independence
of z; and z;) and

Elsi(t)si(t)] = Elsisi] = Els)]

(because s? = s; regardless of whether s; = 0 or s; = 1) we obtain

E[2% = % z; El[s;] + % 2; ';#'E[Si]E[Sj]
1 1 L& 1 & 2
_ W;E[sz] + 5 ;;E[&]E[SJ] 7 ZZIE[&]



Because

we get
2 1(N) 2 1 2
Bl == (V) = m;E[&]
such that N
() = B?] - () = MY L > pisl
2 _ 1(N) 1 2
N)=—F% 7 > u;

i=1

Then, because a; = a, for a fraction f, and a; = a_ for fraction f_ in the population we

obtain
N_ Nt
2 _ u(V) 1 2 1 o _ Jop—  Nf— o fepe NSt o,
U(N)_T_W;“_W;M_ N T nTTN T
_ Jop-(1—po) + Jips (1 — py)
N N

= = (fo? + fuo).

QED
Corollary 3.1 In the case where both 0% > 0 and 0% > 0 there exists an N’ such that for
all N > N': 0?(N) < min{o?,02 }.

Proof of Corollary 3.1: Proposition 3 and the assumption that o2 > 0 implies that
0*(N) =+ (f-0® + f+02) where f_ = (1 — f;) such that

0 < Chin =: min{ai, oY < fo® + f+0i < max{ai, 02} = Craz

Furthermore, from o7 = 11;(1 — p1;) we know that C,4, < 1/4 and therefore finite. It follows
that

f,O'g + f+02 Cmaa:
o?(N') = X * < N
and therefore

0-2(N/) S Cmin



for

which is fulfilled for

QED
Proposition 4 The polarization index q for a bipartite population with negative and positive
attitudes varies within
0<¢<1

Proof of Proposition 4: Substituting f- =1 — f, and p = fipuy + (1 — fy)u— in the

definition of ¢, one obtains
q =41 = f)f+(ps — p-).

Because

0< Spyp <1

i
the bracket (uy — p—) varies within 0 < (uy — p—) < 1. Furthermore, the expression
4(1 — f4)f+ examined as a polynomial in f, is 0 for f{ = 0 and f, = 1 and maximal at
+ = 1/2 where it becomes 1.

QED
Proposition 5 For all a, > 0,a_ < 0 the polarization index q(ay,a_;B) in a polarized

population increases with [3,
dg(ay,a_; B)
op

and for f — oo we have g(ay,a_;5) — 4(1 — f1)f+.

>0

Proof of Proposition 5: From the definition of ¢ we have

1 1
1+ePar 14 eFPa-

qlar,a—;B) =41 — f1)f+ - ( ) =41 = fo)fy - (py — po)

where g, > pu_ because ay > a_. Taking the derivative with respect to 8 one obtains

0q(a+, a_; B)
op

aye P+ a_e Pa- >

=4(1 = f)fs - <(1 e har)2 (1+4ePa)?

= 4(1 - f+)f+ : (aur,uz_e_’ga* — Q,IUQ_e_ﬁa—).



Therefore, dq(ay,a_; )/ > 0 because a_ < 0, and —a_ > 0 as assumed. Furthermore,

because
lim —m =
B—oo 1 + e*ﬁ‘“r
and
llm —m =
B—oo 1 4 e—Pa-

one finds that
ﬁILYgOQ(G+aG—§5) =41 = fL)fy =4/ [+

Corollary 5.1 For the special case where fy = 1/2 it follows that

lim g¢(ay,a_;p) — 1.
B—o0

Proof of Corollary 5.1: This follows directly from Proposition 5.
QED
Corollary 5.2 For all ay > 0,a_ <0: g(ay,a_;5)

aQq(a’Jm a—; ﬁ)

P25 < 0.

Proof of Corollary 5.2: From

aq<a+7 a—; ﬂ)

BY =41 = f) f+ - (appie ™ —a_p?e )

it follows that

aQQ(a+7 a_; ﬁ)

g = A F (@l (L ) e (1 )

which will be negative because (1 — e #%) > 0 and (1 — e #%~) < 0 due to our assumption
that a,. > 0 and a_ < 0.
QED
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B. Supplementary Propositions

Proposition S1 An increase in the magnitude of positive considerations shifts the mean of
the opinion distribution in a positive direction towards expressing 1, while increasing the
magnitude of negative considerations shifts the mean in a negative direction towards

expression 0. Formally,
O
Ol |

O
Al

Proof of Proposition S1: Note that

a; = E wieh, = E wy e+ E wy T = E wy eyt
K K+ K- K+

> 0, and < 0.

A
-

Now rewrite u; as follows

1 1
CltePu 14 exp[— (X jor wi |l

Hi

~ Y- wi e )

From this follows that

ou; du; Oa; v i
Hi _ OH a *—e_ﬁalﬁu?wk’ <0,

Ol Ou; 0Oa; ) i
Hi O 9% _ e‘ﬁalﬁu?wk’+ >0, and —— = — =
dlcy; da; 9|cy;

ot dai ot

where we used that

Op = i ; = Lﬁai — Be—ﬁailﬁ
Oa;  Oa; \ 1+ e Pai (14 e—Bai)2 it

QED

Corollary S1.1 If positive considerations become more accessible, mean opinions will shift
in a positive direction; if negative considerations become more accessible, the expression of

negative opinions will become more likely. Formally,

O

< 0.
Ow, ™ owy,

Proof of Corollary S1.1: The result follows directly from

11



O . opi Oa;
owyt Oa; 8w2’+

O Opi 0Oa; e 2y i
= ¢ 7% 2)cht| > 0, and %f_ Hi a_ = —e Pu2|cT] < 0.

QED
Corollary S1.2 Increased salience increases the strength of mean opinions. Formally,

B <0 ifa; <0

Proof of Corollary S1.2: The result follows directly from

- _(1 + e~ Pas

aﬁ aﬁ ) /”Lza’le

QED

Corollary S1.3 Increasing the magnitude or salience of positive considerations will
decrease variance provided that the overall attitude is positive. Otherwise, variance will

increase. Formally,

902 502 | -
(j:L < 0 and JZ.Z <0if a; = Zw’+|c§€’+| — Zw;ﬂ’_|62_| >0
dley™| owy™ =

and

80'2 80'2 i i i—| 4,—
Dl >0and —=>0ifa; = Zwk (& |—Zwk leg | < 0.
T

owy,

Proof of Corollary S1.3: The result follows directly from o? = ;(1 — ;) and

80-2 _ do? Oa;

7 7

et dai )¢

. From the definition of a; follows that

where a; = ZK+ wy eyt -
da;/0)cyt| = wi™, which for an active consideration will be positive because wy™ > 0.

Hence it remains to evaluate the sign of 9o?/0a;. From

1
(1 —+ e_ﬁai> (]_ + eﬁai)

o} = il — ) =

12



follows
do?  a; (1 —ePou) el

da; (1 + efu)?

and 902 /0a; < 0 because €% > 1 for # > 0 and a; > 0. Thus, do?/9|c;"| < 0. Likewise,
with da; /0w ™ = |ci | it follows that do?/0w} " < 0 if a; > 0. The opposite will be the

case for a; < 0.

QED

Corollary S1.4 As issue attention increases, variance will decrease for positive and

negative attitudes if 5 > 0. Formally,

) 2
5%<0ﬁ%¢0
Proof of Corollary S1.4: This follows from the definition of 0? = y;(1 — ;) and therefore
do?  Ou;
a7 (1= 2p).
op 0B
When fSa; > 0 we have p; > 1/2, Ou; /0B > 0 and therefore do?/93 > 0. Likewise, for
Ba; < 0 we have y; < 1/2, Ou; /0B < 0 and again do?/98 > 0. QED

Corollary S1.5 (“Uncertainty”): Assuming that a single consideration, cfH 15 activated
(K = 1), here assumed to have a positive valence, ci > (0. When engagement increases
uncertainty diminishes and average opinion strengthens. Formally, when K =1 and

¢, >0,

a5 <0 and 95

Proof of Corollary S1.5: The result follows directly from o2 = y;(1 — y;) so that

>0

do? 0 O

(1 —2p;)

Since K = 1 we have w®" = 1 and therefore a; = ¢*™ > 0 . From the definition of y; and
Corollary S1.2 then follows that u; > 1/2 as well as du; /0 > 0. This implies that
do? /0B < 0. QED

13



Corollary S1.6 (“Equivocation”): Adding a second consideration, ¢+, whose valence has
the same sign as the first, i.e., c>* > 0, uncertainty diminishes and average opinion
strengthens when engagement in increases. If |c>TF| > |c"T| then the shifts in mean opinion

and the reductions in response variability as a function of 5 will be more pronounced.

Proof of Corollary S1.6: With two activated considerations, ¢+ > 0, ¢**+ > 0 and
whT > 0, whtt > 0 the attitude becomes @; = w et + whT e+t > 0 and is positive.
Therefore, 0fi;/08 > 0 and 052/93 < 0 just as shown in Corollary 4b. For |¢" | > ||

we find that a; > a; since

a; =w et Tt = wh et + (1wt )T > At =
due to the normalization w*™ + w*™* = 1. From a; > a; then follows that f; > u; and

therefore also 62 < o2 since y;(a;) = is monotonic in a;, and due to the concavity of

1
1+e~HBai
o2(a;) = pi(a;) - (1 — pi(a;)) which has its global maximum at a; = 0 where

07(0) =1/4 QED

Corollary S1.7 (“Ambivalence”): Adding a second consideration with an opposite valence,
¢~ < 0, variance increases and average opinion weakens, as long as the second opinion

doesn’t override the first one, i.e. w"~|cv~| < 2w T|cvT|. Formally, if

wh e | < 2wttt we have p(a;) < p(a;) and 0*(a;) > o*(a;) where

a; = whtehT Fwh b and a; = AT

Proof of Corollary S1.7: We compare the new attitude @, = w**c»+t 4w~ ¢~ to the
original one, a; = ¢**. For w"~|¢"~| < 2w"*|c"*| we have |a;| <|a;|, and therefore

w(a;) < p(a;) just as explained in the proof of the previous Corollary. This also implies
o?(|a;]) > o*(|as|) due to the concavity of o2(|a|). QED

Corollary S1.8 The change of opinion variance upon an increase of 3 as described by

o2 /0B in our model reads

op (1 + ¢bai)?

Depending on the value of § and a; this slope may be negative or zero, but not positive.

Proof of Corollary S1.8: By definition 8 > 0 and the denominator on the right side of

the expression is always positive. For 8- a; = 0 we find 902/98 = 0 since 1 — €°% = 0 in

14



the numerator. For - a; > 0 the numerator is negative and therefore do? /93 < 0.
Likewise, Sa; < 0 implies negative a; < 0 and positive(l — eﬁ‘”), such that the nominator is
negative and therefore do? /98 < 0. QED
Corollary S1.9 In the extreme case of perfect ambivalence, i.e., whtcht ~ wb= v~ , we

would have a; = 0 and

2
Jo;

ap
Proof of Corollary S1.9: The case of perfect ambivalence is described by

~ 0.

wh e — —wh b so that a; — 0. As explained in the previous Corollary do?/93 — 0
when a; — 0. A Taylor expansion of do?/93 around a; = 0 yields

2 433
2 _ _azﬂ a; b 6
o’ /0p = s T or + 0 (a))

so that do?/0f exhibits a quadratic maximum in a; at a; = 0. QED

Corollary S1.10 The variance 02(3,a;), as a function of 3 > 0, is constant for a; =0
o} (8,a; =0)=1/4
and monotonic decreasing for |a;| > 0 with a mazimum at B = 0.

Proof of Corollary S1.10: This follows form the definition of 02(8, a;),

1
1+ eBo0) (1 + eba)

Ug(ﬁaai) - ,Uz(l — ﬂz) = (

For a; = 0 the numerator vanishes and we have ¢2(3,a; = 0) = 1/4. For non-zero value of
3 - a; the slope do? /90 is always negative as shown in Corollary S1.8. QED
Corollary S1.11 Near 8 = 0, the larger |a;| the faster 0(8,a;) drops (as a function of 3)

which 1s captured by the negative curvature

_8202(5, (ZZ')

825 |ﬂ:0 = |a2|2/8

which increases as attitudes |a;| become more pronounced.

Proof of Corollary S1.11: This follows from the definition of do?/9 provided in
Corollary S1.8 and taking the derivative with respect to f3. QED
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Proposition S2 For populations in which the opposing attitudes are of comparable strengths,

i.e. ay =a = —a_ we have
_ 1
= Ta = = 7”_& = — _
Fotr T T 1L epa A4 H
and
_ 1
_=T_gr = =Tal = —
/'l/ ’T 1 + eﬁa 7\1« ILL+

such that 0'_2|_ = 02, because

ot =pi(l—p) =ppp-=p (1—p)=02

and ) .
2 2
= =TesTal = Tar(l —T4y) =
0y =0 =TagTal = Tap( W= T o pa
Henceforth, as long as a_ = —a, the population variance o?(N) does not depend on f,

and f_ and thus is invariant or robust with respect to the particular composition of the two

subpopulations, and simply amounts to

1 _ pgpe 1 1
W) =5 o+ fod) = T = S AT s o)

As a consequence, the variance of expressed opinions is only sensitive to (- |a| regardless of
the particular composition of the public. In particular, the expression above also applies to
two special cases, (1) for balanced populations, that we define as referring to the situation
where the relative group sizes are the same, ie. f, = f- = 1/2, and (2) for homogenous
populations, in which either f, =1 and f_ = 0, or vice versa. The results are summarized

in the following corollaries.

Corollary S2.1 For a balanced population with fy = f- =1/2 and a_ = —ay = —a we
have

u(N) =1/2
and

1
14 efa)(1 + eBa)’

1 1
V) = § et (L= re) = 577
Corollary S2.2 For a homogenous population with f. =1 and f- =0 and a; = a one

16



finds
W(N) = py = ray

and 1 1 1 1
2 2
N — " 1 —Tq — a —a g . N et .
o ( ) N (T :T( r 7T>) Nr 7TT aT O-Z/ N (1 + eﬁa)(l + e_Ba)
Likewise, a homogenous population with f. =0 and f- =1 and a_ = —a,

p(N)=p- =7y =1-ray

will have the same variance,

1

1 1 1
N (1+eP)(1+ePa)

O2(N) = 3 (- (1= Toa) = 3 7aiPag = oF/N =

The homogeneous case captures the situation where there is (nearly) uniform consensus on
a policy, e.g., support for public funding of K-12 education. With a; = a for all + we simply

write 7,4 and 74 ).

Note also that the population variance

0} rap(l—rey) 1 1 1

2
N _ — _— = —
(N =5 N N T e mir e

)

is maximal for Sa = 0, where it becomes ¢(N) = 1/(4N). This formally captures the
“non-attitude” case. In contrast, o%(N) vanishes as 3 - a — +o00. Thus, our model predicts
that the variance of public opinion decreases for strong attitudes (measured by high |al)
and higher engagement and attention (measured by /), and this relationship holds both for
individual and aggregate opinion[] But this is not the only effect. As in the individual
case, the mean pu(N) of the distribution shifts in the direction of opinion 1 as § - a
increases. As engagement and attention (measured by () increase, aggregate opinion will

shift towards the opinion favored by the sign of a.

As in the case of individual opinions, we can define attitude, attention, and susceptibility
with similar properties. Thus susceptibility analysis in populations works similarly to the

individual case, but is derived for each sub-population separately.

! For evidence at both the individual and aggregate level, see Alvarez and Brehm (2002), especially
Chapter 8.
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Proposition S3 For a tripartite population consisting of fractions f_ and f. with negative
and positive attitude, i.e. a_ < 0, ay > 0, and a neutral fraction fy with neutral attitude,
ag = 0, with no a priori preference for either sideward, such that f_+ f. + fo = 1 the results
obtained for a bipartite population are modified as follows:

(1) the aggregate opinions are normally distributed according to a normal distribution with

w(B) = f--p—(B)+ fo- po(B) + f+ - p+(B)

and variance

o*(N,B) = - (F103(B) + fooi(B) + [-0%(B))

(2) The polarization index in a tripartite population assumes the form

4(B) = 2(pu4(B) — u(B)) f+ — 2(n-(B) — u(B)) -,
and simplifies to
q(B) = (1 - fo) - 4(B)

in the symmetric case where fi = f_ = (1 — fy)/2 and G(B) denotes the polarization of a
bipartite symmetric population with f. = f_ =1/2.

Proof of Proposition S3: For a tripartite population with attitudes a_ < 0, ag = 0 and
ay > 0 we find

1 1 1
p+(B) = 1 o-B@rB)’ po(B) = 1t cPB’ pn-(B) = 1 + eBa—B)

for the individual population segments as well as

oi(B) _ Ji-0%(B) o3(B) _ fo-oi(B)

01 (Ny,B) = N, I and o (No, B) = N, N

where

03(B) = (1 — px(B)) - pu(B) and o5(B) = (1 — po(B)) - p1o(B)

For the average opinion and variance then follows

1(B) = f-p—(B) + foro(B) + f+p+(B)

and

7 (N, B) = 1 (f+0(B) + food(B) +  0*(B))

18



The polarization index is defined as

q(B) = 2(puy(B) — u(B)) f1 — 2(u—(B) — u(B)) f-

For a balanced scenario, where

fo=0=Jfo)/2=f+

the term p(B) drops out of the expression for ¢(B) and the polarization index simplifies to

¢(B) = (1= fo) - (u4(B) — p—(B)),

or

1 1
q(B) = (1 - fo)- <1 + e Ba+B) 14 eﬁ(a—B)) :

A comparison with the result for the bipartite case, discussed in Proposition 4, proves the

proposition. QED
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