Online Appendix
Estimation Contracts for Outlier-Robust Geometric Perception

Proof 1 — Proof of Proposition 6: A Posteriori Contract for (TLS)

We start by restating the theorem for the reader’s convenience.

Proposition 21 (Restatement of Proposition 6). Consider Problem 1 with measurements (y;, A;),
i € [n], and denote with v° the squared residual error of the ground truth x° over the set of inliers I,

ie., £ Y et Hyz — A;F:I:"H; Moreover, assume the measurement set contains at least %J + z—;
inliers, where d is the size of a minimal set, and that every subset of d inliers is nondegenerate. Then,
for any integer d such that d < dg < (2ac — 1)n — Lz, an optimal solution xvis of (TLS) satisfies

2y/dgc

M7 Ty s,|T|=dy Tmin(Az)

[eTis — 2°l; < ; (57)

where Ltis is the set of inliers selected by (TLS), A7 is the matriz obtained by horizontally stacking
all submatrices A; for alli € J, and omin(-) denotes the smallest singular value of a matriz. Moreover,
if the inliers are noiseless, i.e., € =0 in eq. (17), and for a sufficiently small ¢ > 0, T s = x°.

Proof. Call Z(xtLs) the inlier set corresponding to an estimate xt.s (i.e., Z(x1is) = {i €
[n] : Hyz - ATa:TL5H2 < ¢}). Moreover, define the TLS cost at x1.s as:

flmrs)= ) ‘

i€Z(zTLs)

AT H2 2(n - |T 8
yi — AjzTis|| +¢ (n — |Z(xTLS)])- (58)

We first prove that |Z(xT1s)|> an — g—; Towards this goal, we observe that the cost evaluated
at the ground truth x° is:

fa?) =9+ (n—[Z]) =" +(n - an) (59)

which follows from the assumption that the inliers have squared residual error 4° and there are an
of them. Now assume by contradiction that there exists an @1 s that solves (TLS) and is such that
|Z(xTLs)|< an — Ly. Such an estimate would achieve a cost:
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fans)= > |- ATens|, + &0 - [Z@ns)) (60)
i€Z(zTLS)
2 o
> > ‘yi_A;erLS"2+E2 (n—an+zz> (61)
i€Z(zTLs)
202<n—an—|—z?>:’y°+c2(n—an), (62)

which is larger than f(x°), hence contradicting optimality of 1. s, and implying |Z(xT.s)|> an— g—;

Since |Z(x°)|= an and |Z(xTLs)|> an — g—; then:

sets overlap in [n] 5 using an> %‘i+§
~ = ~y A B
|Z(x°) N Z(xTLs)| > 2an —n — = > d, (63)



The subset of measurements |Z(x°) N Z(xTLs)| are simultaneously solved by 1 s and x° (i.e.,
are such that Hyz — ATmH2 < ¢ for both @ = ° and « = xT.5). Therefore, we can follow the same
line of thoughts as in the proof of Proposition 5, and prove the first claim.

In the case of noiseless inliers, 7° = 0 (or, equivalently, y; — AT2°® = 0, for all i € 7) and we can
always choose ¢ > 0 small enough such that the corresponding estimate xT_g satisfies the selected
measurements exactly, i.e., y; — AT@1 s = 0. Therefore, we can follow the same line of the proof
of Proposition 5 (for the case of noiseless inliers) to conclude &1 s = z°. |

Proof 2 — Proof of Theorem 12: Contract for Relaxation of (LTS1)

We start by restating the theorem for the reader’s convenience.

Theorem 22 (Restatement of Theorem 12). Consider Problem 1 with measurements (y;, A;), i € [n],
and known outlier rate B. Call T the set of uncorrupted measurements (yr, Ay ), i € [n], where
the outliers are replaced by inliers and assume that the set of matrices Ay, i € T, is k-certifiably

_ k
C'-hypercontractive with k > 4. Moreover, assume < fmax = 5 \/1/ (C(k/2)2 23k=1).  Then,
Algorithm 1 with relazation order r > k outputs an estimate Tys_sdp1 (not necessarily in X) such

that:
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where Cy(k, B) and Ca(k, B) are given functions, erry(z) =130 Hyl (A}) azH2 is the residual

errI(wIts sdpl) (1+Cl(k IB)%) optiy +02 k 6 C ( Z‘yl l

error of an estimate x with respect to the inliers 7, ®* = arg mingx - Zi:l HyZ — (A}) a:H2 is the

best estimate from an oracle estimator that has access to all the inliers, and opty = erry(x*) is the
corresponding residual error with respect to the inliers T .

The proof is an adaptation of Lemma 5.3 and Lemma 5.6 in [15] to the case of vector-valued
measurements. Let us start by clarifying all relevant notation:

w; =wj, 1€ [n]
S0 = an
Loz={ wi (Yi—yi)=0i€n] (constraints in (LTS1)) (65)
Wi (Al—Al)—O 1€ [n]
zeX

{yi, Aiticm) (given measurements) (66)

{Yr AT Yiem)» (uncorrupted measurements with outliers replaced by inliers) (67)

V £{4:Ai}icn) (auxiliary variables in (LTS1)) (68)



1< 2
erry(x) = — Z ’ yr— (AN Tx ) (error of  w.r.t. uncorrupted measurements) (69)
n
i=1
1 & 12
err(z, V) & = Z ‘ gi— Alx ) (cost in (LTS1) without exponent ¥/2). (70)
n
i=1
n
A 1 ' AT 2 . /
err/(x, V) = - Zwi Ui — A x ) (error w.r.t. set of measurements specified by w')  (71)

i=1

Proof. The proof is quite involved and proceeds in two steps. First, we derive an sos proof that
states that the inliers picked up by any feasible solution for (LTS1) must also satisfy a desired error
bound. Then, we move to pseudo-expectations and conclude that the result of the moment relaxation
must satisfy the same bound, which can be manipulated into eq. (64).

Sos proof of robust certifiability (adapted from Lemma 5.6 in [15]). For a given tuple
(w,x, V) that satisfies L, z, let w’ be such that w] = w; iff ¢ is an inlier and w] = 0 otherwise
(intuitively, w’ is the indicator for the subset of the selected measurements w that are inliers).’
Then call the corresponding error err,/(x, V') as in (71). We note that:

L
5= ATz, = 234

1 n
erry (z,V) = = ng
n-

yi— (ADTe| . (72)

The previous equality follows from the fact that (i) by definition, w; = 1 implies w; = 1 and since
the tuple (w,x, V') satisfies Ly, 4, then whenever w; = 1 we must have A; = A; and g; = y;, and (ii)
w} can only be 1 for inliers, for which A; = A} and y; = y}. Therefore, err,(x, V') is essentially the
error attained by «, but restricted to the true inliers in the set of measurements selected by w.

We now show that any set of variables (w,x, V') that are feasible for (LTS1) (i.e., that satisfy
the constraint set Ly, »), must also satisfy the following bound

k k
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Loz % (erry(x) —erry (z,V)) yr— (AZ*)T:B*

g
(73)

< Ok B)(err(@. V) + ol 5) 2 3|
=1

We start by noting that )" ; w; > (1 — 25)n: this follows from the fact that the two sets, the
selected measurements {i : w; = 1} and the set of true inliers, have each size (1 — 8)n, hence their
intersection must contain at least (1 — 2/3)n measurements. Therefore:

binary variable

1 n ' ) 1 n l n
- 1—w)? = = 1—w)=1-—=N"w <1-(1-23) hence:
e LS 1 —uf =1 - L3l <1 (1 28) e

1=1 1=1 1=1

Fact Al13

2 1 ¢ N2
w,T / - 177, §2 . 4
f B 30-wpsasl @

Now we note that from definition (69), we can expand erry () as:

1<~ ,
erry(x) = —Zwi

2 1< 2
x_ (AN H N1 o)) g — anT H 75
- Y; (z>m2+n§( wi) |yi — (A7) =, (75)

=1 =

35Note that w’ is not required to (and typically does not) satisfy Lo z.



Combining (75) and (72), and observing that the result is a sum of squares, we get:

error for uncorrupted measurements not selected by w’

n
4 1
l_w,m erry (x) —err(x, V) = - Zl(l — W) lyr —
1=

(A;)TmHz >0 (76)

Elevating both members of (76) to k/2, and then using the sos version of Holder’s inequality
(Fact A23), we get:

using (76) n §
B A 1 2
Loe bk (e (@) — emu(@, V) 2 (Zu—w;) y:—<A:>TmH2> ()
1

using (A67) in Fact A23

< (ii(l—w@")?)g ( Z\

using (74)
i - are]}) <@t (13

Note that Fact A23 requires the exponent to be > 1 and a power of 2, which in turns 1mphes > 2
or k > 4, as required by the statement of the theorem. Now we observe that:

i (; 5w - <A;>Tmu';> (79
1=1

;Z v = (AnT@ + (An) T - (AT k) = (80)

i=1

yi — (AT H) (78)

adding/subtracting (A*)Tz*
(

using Fact A20

=~ " k
S
n
=1

i —(A]) Tz

1 n
< +24 3|4 T (@ - =)
=1

) .

By certifiable hypercontractivity of A, i € [n]:

NI

< (k) (1 > anT@ -2 > . (52)

n =1

z> 2 (53)
z) 2 (34)
z>) 2 (%)

Cowts 130T @ )
=1

We can further bound the term above as follows:
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adding/subtracting y*

1 n
~ * * * * *
= —E —yr+ (A ' z+y:— (A)'x
(nz 1H yZ ( ’L) yl ( l)

using Fact A19 n
’ N 1 *
< - 2 ’ Yi —
" 1

1=

|

Yyl — (AT

2
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rearranging

/—\(Z\

yr— (ADT H to- Z‘

1)

using Fact A15 ) % 1 n ) %
= @ k
= ( > ot - canal) (%Z\y? * )
rearrangmg N 2 %
# (25 o) o (M5 )
Finally, using again the sos version of Hoélder’s inequality
wmx( Z‘yl z ) A*T*Z.
Combining the above:
n
1 k
el (53 i - e
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< QkEZ‘yz*—(AZ* x* QkﬁZH(A* ac—m)2
1= i=1
(82) ) ) £
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< 2%2‘ 5 (A x| 4280 (k)2 ( ZH (AN (z — z*) 2)
(88) N
=~ .1
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i=1
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+2kc(k/2)% 2k 12’ (.A*) H 2 N 2k‘ l n ’y* - (.A*)TZD* 2\ 2
n < n ! ! 2
(89) L&
TN w - (AT
i=1

(89)



Hence, together with (78):

Loz (erry (@) — erry (z,V))? < (25)%*10(@2)% 2%erry (x)? (99)
k
+(28)5 ! (z’f + C(kf2)? 2%) ) (100)
Applying Fact A17 to the right-hand-side with a = err(x), b = err (x, V),
5% = (25)*_1C(k/2)2 22k and exponent k/2:
=31 Cky2) B o3k
k E ok kg k
Lo |; (errs(x) —erry(x, V)2 <22(28)27"C(k/2)2 : 22 (err'f(a:) —erry(x,V))2 (101)
5(25)5—%(%/2)5 2% (erru (=, v>>% (102)
k
+(28)2~ (2’“ +C(k2)? 22’“) Z } y; — , (103)

Rearranging the terms:

Loa e (1= B271C(2)2 2% ) (erry (x) — erry (m, V)T < B21C(k/2)2 23 (erry (x, V)2
k1 (ok ek 926} L AT o|[F
+(28)57 (26 + C(kp2)2 2 )ni_ (AnTe| -
(104)
1
Noting that choosing f < %-1/—————— makes the constant 1 — Bgflc(kh)% 23k=1 positive,
C(4/2)% 2351
we can divive both members of the inequality (104) by such constant and obtain:
. e BETIO(k/2)E 23k .
Loz |; (erry(x) —erry (2, V)2 < (erry (x,V))2 (105)
1 —62—1C<k/2>2 23k=1
k
(20)571 (26 + C(h) 2 22%) | k
+ k( k ) - Z ‘ y: - (A:)Tm* ) (106)
R L = 2

ko (k/g)%gskq
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B
B
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k k
(28)2 71 28 +C(k/2) 2 22F
K and Ca(k, B) = ( k )
(k/2)§23k—1 1_B§—1c(k/2)§23k71
we finally get:

Now defining C; (k, ) = , and noting that

1-
% err(z, V) > erry(x, V),

n
k k k 1 k
Lot (errs (@) — e (@ V) < 1k, B)er@. V) + Calh, )2 3w = (anTer [, (107)
which matches our claim in (73). =t
*This follows from the definition of the two errors: err(z,V) — erry/(x, V) = 3" ||z —AIwHi -

Iy wi H yi — AIij =L5" (1—wi) H@ - /Uw”i, which is a sum of squares.



Completing the proof by moving to pseudo-distributions. Consider a pseudo-distribution
i that satisfies L, . Using the sos proof in (73) and thanks to Fact A10, we conclude that if /i
satisfies L, o then it must also satisfy:
k
N

k
by definition this is optl?s_Sdpl

Eﬂ [(errf(m) — erry (x, V))g} < C1(k,B) Eﬂ [err(m, V)g] +Cy(k ( Z‘

y; —
(108)
Elevating to the power % both sides and recalling that (a + b)? < a? 4 b? for any 0 < ¢ < 1:
2
. K1\ 2 2 2 k\*
(B3 [(errz e — err@, V)E] )T < Crlk, B)F OBtys_sapn + Calh, B)F ( Z (4 2)
(109)

Now using the sos version of Holder’s inequality for pseudo-expectations (Fact A7, eq. (A17)):

~ k ~ .
Eji [erry z) — erru (2, V)] ? < Ej [(err'f(m) —erry(x, V))%} , (110)
and therefore (109) becomes:
%
~ 2~ 2 1 = * * * k
Eﬁ [(err'f(w) - errw’(mu V))] < Cl(k75)k optlts—sdpl + 02(k7 6)k (n Z ‘ Y — (Az )Tw 2)
i=1
(111)
By linearity of the pseudo-expectation and rearranging;:
2
- ~ 2 2 k\ "
Eﬂ [err'I"(m)] < Eﬂ [errw/(& V)] + Cl(k‘, B)k ptlts sdpl + 02 k )
(112)

Noting that I(%Cc {err(x, V) —erryi(z, V) > 0},%7 and using Fact A10, we get Ej [err s (z, V)] <
Ej [err(x, V')]. Moreover, we observe
Fact A7, eq. (A17)
P ~ k —

< (Eﬁ [e”(% V)z}) = OPtits—sdp1 (113)

EIN]
ESIN]

Ejlerr(z, V)] = (INEIZ lerr(x, V)ﬁ)

concluding that Ej [err, (x, V)] < Ej [err(x, V)] < opty_ sdp1- Using this inequality in (112):

O\ 7
2) (114)

37This again follows from the definition of the errors err(z, V') and err,, (z, V'), whose difference is a sum of squares.

E'ﬁ’ [errz(w)] (1 + Cl<k ﬁ)%) Plits— sdpl + CQ % ( A* T x*




Applying Holder’s inequality (Fact A7, eq. (A17)) one last time, we get erry (E; [z]) < Ej [erry ()],
which leads to:

2
— 2 (1 & k\ "
) optltsfsdpl + CQ(ka B)k (n Z } y:( - (A:)Tm* 2) : (115)
i=1

erry (Eg [z]) < (1+ Ci(k,B)

BN

Finally, we need to prove that o/p\t|ts_sdp1 < opty. Towards this goal, we observe that the
(pseudo-)distribution supported on the point (w*,x*, V) where w’ = 1 for the true inliers and

. . o~k _ = 2\ 5
zero otherwise is feasible for L, 5, hence by optimality optlis_Sdpl < (% Dy Hyl — A;rm*HZ) ? from

which it follows:

i, A; are inliers or zero
=~

2 1 &
.= X

yi — (A])Ta”

, = opt;. (116)

Substituting (116) back into (115):

err (B [o]) < (1+ Cu(k H)F) opts + Calk, B) (i > [lv - anTer k) SN0
i=1

which proves the claim of Theorem 12.

Proof 3 — Proof of Proposition 13: Contract for Relaxation of (LTS2)

We start by restating the proposition for the reader’s convenience.

Proposition 23 (Restatement of Proposition 13). Consider Problem 1 with measurements (y;, A;),
i € [n], and outlier rate f < 0.5 (or, equivalently, inlier rate o = 1— > 0.5). Call T the set of inliers
and assume that the set of matrices A;, i € I, is k-certifiably (w, 2¢, 2My,)-anti-concentrated
for some nn > 0. Then, Algorithm 2 with relaxation order r > k/2 outputs an estimate Tis_sdp2 (N0t

necessarily in X) such that:

o «Q 11—«
|Z1ts—sdp2 — °[|, < My (27’ +2— > . (118)

Towards proving the proposition we need to prove two technical lemmas (Lemmas 24 and 25
below). These lemmas extend results [37] to vector-valued and noisy measurements, and while in [37]
they have been proposed to attack the high-outlier case (i.e., for list-decodable regression), we show
they are also useful to prove estimation contracts for the low-outlier case.

Note that the two lemmas below use a subset of constraints compared to the one in the constraint
set of (LTS2) (i.e., the set My, » below does not contain the constraint » - ; w; = an): this will
allow us to use them also to discuss the performance of (MC) and (TLS) later on.

Lemma 24 (Adapted from Lemma 4.1 in [37]). Consider the following constraint set, for given
measurements (yi, A;), i € [n], a constant ¢ > 0, and where X is an explicitly bounded basic




semi-algebraic set (cf. Assumption 2):

w? =w;, i€n]
Moz =3 w|lyi— Ale|; <& ich] ¢ (119)
rzeX

For any t > k and set of n measurements with at least an inliers, such that for the set of inliers

T, the set of matrices A;, i € I, is k-certifiably (%, 2¢, 2M, ) -anti-concentrated,>®
« M2
Mo oz {’I S wille —a®|} < 774} (120)
1€

Proof. We follow the same logic as the proof of Lemma 4.1 in [37], but provide a slightly simpler
derivation, based on our definition of certifiable anti-concentration. We first observe that for the
inliers (i.e., i € Z) it holds:®

9 adding/subtracting y; 9
t o o
Moslro-||aAT@-a)| = w-|w-ATe)-@w-ale)|, (20

2
Fact A19 5 5
< ( ‘ —Alzx° ) - A;r:cH2> (122)
w;<1 and Fact A13 ) )
—~~
< 2‘yZ—AiTa:° 2+2'w,~“y,~—AiTa:H2 (123)
2 .
(since (w, x) satisfy My, », and inliers by definition satisfy Hy, —Alz°| <&
2
< 4. (124)

2.2(1_0=\2 .
Since the set of matrices A;, i € Z, is k-certifiably (%, 2¢, 2M,)-anti-concentrated, then

there exists a univariate polynomial p such that for every ¢ € Z and for every ¢t > k:

from (124) using (32) with § = 2¢
{wi : HAiT(a: g ‘ < 4z }l—p ( HAT(LU —z°) 2) > (1 2e)? (125)
and
Fact A19
13 o
I3 < Mol |z — 2|3 < 407 (126)
using certifiable anti-concentration in eq. (33)
2,2 =2 A 12
t o2 1 o as (1 - 26) M
Iy{uw—w I3 2o (AT @ -2)],) < R (127)
€T

38The constant “32” in the anti-concentration requirement is arbitrary (i.e., it just amounts to a re-scaling of the
parameter 7)) and has been chosen to keep the result consistent with the original statement in [37].
390bserve the analogy with the proof of Proposition 5.



Now we note that:

Moz foz wi - p? (Wz"HA;r($_wo) 2) _— (wz-p<wi- Al (z —x°) 2)>2 (128)

calling h the homogeneous part of p and since p(0) =1

= (wi- (1+h<wi-HA;r(:c—:c°) 2)>>2 = (w¢+wi-h(wi~ Al (x — x°) 2)>2 (129)

" 2))2=w3- <1+h( AT (z — 2% 2))2 (130)

w;<1
/S (e

’/:\. (wi +wi-h (HAzT(SB —a°)

—w?p? (AT @ -2,

. 131
2) (131)
Combining the conclusions in (125), (127), and (131) we obtain:

since m;ﬁ (wi - || AT (m —x°)||,) > 1 per (125)

Mwil:l_ |I|ZWZHZL'_$ HQ_ |I|sz”m T H2 ( )2p <Wl HA iIZ—m)

2) (132)

i€
using w; - p? (w; - || AT (z — =° ||2 <p?(||AT(x — =° H2) from (131) using (127)
” 2,2 /2
1 2 1 2 (H T a™n
< 22 = AT (z — 2° ) <20 (133
= (1 — 26)2 ||£IZ z ”2 ’I‘ ;p 7 (m z ) 9 — 4 ( )
which concludes the proof. [ |

Lemma 25 (Adapted from Lemma 4.2 in [37]). Under the same assumptions of Lemma 24, for any
pseudo-distribution [i of level at least k satisfying My, «,

omM

7 3 Bl o — o))y < S (134)
1€L
where the vectors v; are extracted from the pseudo-moment matriz by setting v; = Efg wlw] szE [wi] >0,

or v; = 0 otherwise, for i € [n].

2,2 2
Proof. By Lemma 24, we have M, If—m {%‘ Y ieT Wi & — x°|3 < & 774M1‘}. We also have:
Moz % {w? = w;} for any i. Therefore:

M2
Mo, 7{‘1_’2”(,0@ wiz®||2 < ‘”7 } (135)

€L

Since fi satisfies M, &, then it also satisfies:

(12 2M2
méﬂz [szm Wi ||} #. (136)
(]

10



2
<

Using the norm inequality for pseudo-distributions in Fact A8, we get HfEﬁ [wiz — w;x°]

Ex [szaz — wiong}; then observing that for any m-vector z, ||z|; < v/m||z|, or, equivalently,

? < m||z|5 (below we will apply this inequality to the vector of size |Z| with entries z; =

i (wiz] — Ej [wi] :coHZ), and chaining the inequalities back to (136):

&=h

2
z
=l m| 2|2 with m=|Z|

> llzl3<milzl
1 n n o = 1 n n o 2
= HE[L wiz] — B [wi] 2 < = HEﬁ wiz] — B [wi] 2 (137)
‘ | €T 2 ’ ‘ €L 2
Fact A8 1 (136) 9 2M2
N ~ ° ~ N~
< ] ZE,; [Hw,w — wix Hg] < # (138)
€L

]Ef” [wi :13]
Eg[wi]

Remembering that v; = if Eﬁ [wi] > 0, or v; = 0 otherwise, and taking the square root of

both members in (138):

by def. of v; (138)
1 ~ o A 1 ~ - oll ~—~anM.
T Elllv-atl, B g Y| |Elial - Baleet| ST (39)
(€T B [wi]>0 i€l
concluding the proof of Lemma 25. |

Proof of Proposition 13: First of all, we note that since 7, in Algorithm 2 contains a superset
of the constraints in My, , defined in Lemma 24, the conclusions of Lemma 25 and Lemma 24 still
hold if we replace M, 5 with 7T, 5. Therefore we have that any pseudo-distribution of level at least
k (hence produced by a relaxation of order at least k/2) satisfying 7, o also satisfies:

1 n o 0477Mx E—lf\a\n n o
7 2Bl llos —ally < =5 =) B [l o — 2, <
1€l 1€L

o?n Myn

5 (140)

Let us define the set of outliers O £ [n]\Z. We observe that since Ej [w;] < 1, then Yico Ej[wi] <
(1 — a)n. Moreover, using the triangle inequality ||v; — x°||, < 2M,, hence:

ST B wil [lvi — a°lly < 2nM,(1 - a). (141)
€0

Using Eq. (140) and Eq. (141):

n
> B lwilllvi — 2%y = > B [wil llvi — 2°]l, + > B wi] [lv; — 2°), (142)
=1 €L €O
2n M
< w oM, (1 — a). (143)

11



Now note that any pseudo-distribution fi satisfying 7., 2 is such that fEﬂ >, wi] = an (due to the
constraint Y i | w; = an in 7y, ), hence by linearity ;" | B [w;] = an. Dividing both members
of (143) by > %, Ej [w;] (where we switched to using j as an index to avoid confusion):

fE : 1 2n M
Z o=l < oo (I - ) (an
P g [wj] > =1 B [wjl] 2
1 [a®>nMgn
= — (| ————— 4+ 2nM,(1 — . 14
(T - ). )
Using Jensen’s inequality, we observe |[> 7 %vi —x° ; <> Z"E Egl][w] |lvi —°|,,
hence (165) becomes:
- K an M. 11—«
Z il el < 20 oy, , (146)
i=1 =1 /J[WJ] 9 «
which, recalling that @jts_sdp2 = Z?:l %vi, concludes the proof.
|

Proof 4 — Proof of Proposition 14: Contract for Relaxation of (MC1)

We start by restating the proposition for the reader’s convenience.

Proposition 26 (Restatement of Proposition 14). Consider Problem 1 with measurements (y;, A;),
i € [n], and outlier rate f < 0.5 (or, equivalently, inlier rate o = 1— > 0.5). Call L the set of inliers
and assume that the set of matrices A;, 1 € I, is k-certifiably (W, 2¢, 2My,)-anti-concentrated
for some n > 0. Then, Algorithm 3 with relaxation order r > k/2 outputs an estimate mc—sdp (N0t

necessarily in X) such that:

l-—a
mecfsdp € HQ < M <2 +2 ) : (147)

(0%

Proof. First of all, we note that the constraint set M, , in (MC1) is the same as Lemma 24
and Lemma 25. Therefore we have that any pseudo-distribution fi of level at least k (hence produced
by a relaxation of order at least k/2) satisfying M, 5 also satisfies:

|Z|=an 2
anM ~ o a*nMgn
mE:E wil |Jv; — 2°||, < ’7 ﬂ‘} B [wi] [l — @ Hzg#. (148)
1€L €L

Let us define the set of outliers O £ [n]\Z. We observe that since Ej [w;] < 1, then Yico Ej[wi] <
(1 — a)n. Moreover, using the triangle inequality ||v; — x°||, < 2M,, hence:

> Epfwil i — 2°]l, < 2nM(1 - o). (149)
1€
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Using Eq. (148) and Eq. (149):

ZE wil vi — ]y = Eg lwi] v — 2]y + > B fwi] o — 2], (150)
1€L €0
< a’n M, n

- 2
Let us call i the pseudo-distribution that achieves the optimal solution in (MC1), and observe
that the corresponding optimal objective > " | Ej [w;] > an: this follows from optimality of /i and
from the fact that the pseudo-distribution supported on the single point (z°,w®), where wi =1 if

i € T or zero otherwise, is feasible for (MC1) and achieves an objective an.
Now dividing both members of (159) by >0 Ej [w;]:

+2nM,(1 — «). (151)

n .
Ej [wi 1 2n M
> B el < g (T M) (52)
i=1 Zj:l Ez [wj] Zj:l Eg [wj] 2
1 [(a®?nMyn
<— <772’” +2nM,(1 — a)) . (153)
. , . . IEL[wl] ° [wz] °
U J lit ;- < ;i — h 153
sing Jensen’s inequality HZZ Ly B Vi T ; Yoy ST Bplo] |lvi — z°||, hence (153)
becomes:
" .
Eq |w; M, 1-
1 ) R L L TP VA i (154)
i=1 Zj:l Eq [wj] 9 a
which, recalling that Tme_sqp = Zl 1 %vi, concludes the proof. |
Eplw;

Proof 5 — Proof of Proposition 15: Contract for Relaxation of (TLS1)

We start by restating the proposition for the reader’s convenience.

Proposition 27 (Restatement of Proposition 15). Consider Problem 1 with measurements (y;, A;),
i € [n], and outlier rate B < 0.5 (or, equivalently, inlier rate « = 1—/ > 0.5). Call T the set of inliers
and assume that the set of matrices A;, 1 € I, is k-certifiably (W, 2¢, 2M,)-anti-concentrated
for some n > 0. Then, Algorithm 4 with relaxation order r > k/2 outpuls an estimate Xys—sqp (not

necessarily in X) such that:

o aMyn [« 11—«
[@ts—sdp — 2°|l, < ——= (n + 2 > , (155)

Oén—’;—2 2 «

2 is the squared residual error of the ground truth x° over the inliers .

where v° £ 3.7 ||y — Az'TmOH2

Proof. First of all, we note that the constraint set M, , in (TLS1) is the same as Lemma 24
and Lemma 25. Therefore we have that any pseudo-distribution fi of level at least k (hence produced
by a relaxation of order at least k/2) satisfying M., 5 also satisfies:

|Z|=an

anM —— ~ o a’nM,n
7 3 Bl = 271, < 5 B By o 27l < IR (150)

1€L €L
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Let us define the set of outliers O £ [n]\Z. We observe that since Ej [w;] < 1, then Yico Ej[wi] <
(1 — a)n. Moreover, using the triangle inequality ||v; — x°||, < 2M,, hence:

D B fwil [lvi — 2°|l; < 20M(1 - ). (157)
ico

Using Eq. (156) and Eq. (157):

n
> B lwil v —2°lly =Y B lwil v — 2°l, + > B [wi] v — 2°), (158)
=1 €L €O
2 M
< w +2nM,(1 — a). (159)

Let us call i the pseudo-distribution that achieves the optimal solution in (TLS1), and observe
that i achieves a cost:

> aTal[ 1 -0-2] = 38 o -

H :| +Z ,1 [wi]) 52.
(160)

Now observe that the pseudo-distribution supported on the single point (z°, w®), where w? = 1ifi € 7

or zero otherwise, is feasible for (TLS1) and achieves an objective » .., Hyz - AleOHZ + (1 — a)né?.

Therefore, by using (160) and by optimality of f:

=nc *ZZ 1 [wi]éz

=né’—an &
n - N
Z]Eﬂ [wi : ‘ — A :L'H ] + Z i lwil) — Alx° + (1—a)né. (161)
i=1
Rearranging the terms in the previous inequality:

- 1 (s T |7 T ol 2
Z]Eﬂ[wi]zéfg ZEﬁ [wi-’yz—AinJ— —-Ajzx 2—|—anc (162)
i=1 i=1 i€l

1
Z(anc— — Alx° )—an— ATo (163)
c2
Now dividing both members of (159) by >>7_ Ej [wj] and defining 7° £ Yier Hyl - A;'—:BOHE:
n .
E; |w; 1 a?n M, n
> B ol < g (T ) (o)
i=1 Zj—l Ep [wy] Zj—l Ep [wj]
using (163) ) 20
~~
< (2T L oML (1 —a) ) . (165)
an—1 2
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Ej[wi]

. , . . o B [ws o
Using Jensen’s inequality HZZLl mvi —x ) <3 % |lvi — z°||, hence (165)
becomes:
n -
E; 1 Zn M,
Z — sz] vi —x°|| < 5 <a T2y 2nM,(1 — a)> , (166)
=1 Zj:l Ez [w; g QN— = 2
which, recalling that @ys_sqp = 2?21 Mvi, concludes the proof. |
=1 Ealw;)

Proof 6 — Proof of Theorem 17: Contract for Relaxation of (LDR)

We start by restating the theorem for the reader’s convenience.

Theorem 28 (Restatement of Proposition 17). Consider Problem 1 with measurements (y;, A;),
i € [n], and known outlier rate B (or, equivalently, known inlier rate « = 1 — ), possibly with
B > 0.5. Call I the set of inliers and assume that the set of matrices A;, i € I, is k-certifiably
(W, 2¢, 2M,,)-anti-concentrated for some n > 0. Then, with probability at least 1 — (1 — %) &
(over the draw of the samples in the algorithms), where N > 1 is a user-defined parameter, Algorithm 5
with relazation order r > k/2 outputs a list L of size N/ such that there is an estimate x € L (with

x not necessarily in X) such that
|z —2°ly, < nMy. (167)

Moreover, when a > 0.01 (i.e., at least 1% of the measurements are inliers) and N = 10, the relation
|z — x°||, < nM, holds with probability at least 0.99 over the draw of the samples.

Proof. Note that Lemma 24 and Lemma 25 use a subset of constraints compared to the set 7,
in (LDR) (i.e., the set My, » in the lemmas does not contain the constraint >, ; w; = an, while
T,z does). Therefore, their conclusions will still hold in the context of (LDR). We start by proving
the following lemma, which shows that the pseudo-distribution i built by optimizing the moment
relaxation of (LDR) “spreads” (i.e., has enough support) across the inliers. The proof is an extension
of Lemma 4.3 in [37] to the case of vector-valued measurements.

Lemma 29 (Adapted from Lemma 4.3 in [37]). For any pseudo-distribution i satisfying Te o that

. 2 .
minimizes HEg [w]‘ ) >ier B [wi] > o®n.

Proof. Let u = a—lnfEﬂ [w]. Then, u is a non-negative vector satisfying » ;" ; u; = 1. Let wt(Z) =
> ez wi and let wt(O) = 3, u;, where O £ [n]\ T is the set of outliers. Then, wt(Z) +wt(O) = 1.
By contradiction, we show that if wt(Z) < «, then there exists a pseudo-distribution satisfying

. 2
7w, that achieves a lower value of HE” [w] HQ, hence contradicting optimality of fi. Towards this goal,

we define a pseudo-distribution f* which is supported on a single (w, ), the indicator vector 17 and
x°. Therefore, Eg« [w;] = 1 iff i € Z and zero otherwise. Clearly, i* satisfies 7o, . Therefore, any
convex combination fiy = (1 — \)i+ Af* also satisfies 7o, . We now show that whenever wt(7) < «,

- 2 N 2
then HEﬁA [w] H2 < HIE;L [w]H2 for some A > 0, thus contradicting optimality of ji. We observe that:

uy = %Eﬂk w] = %(1 — NEz [w] + Q%(A)Eﬂ* [w]= (1= Nu+ %11. (168)
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First, we compute the squared norm of u) using (168):

observing 1}11 = an and l;u = wt(Z)
wt(Z) = A2
- 7 + -

an an’

luallz = (1= A)[Jul3 +2A(1 = A) (169)

Next, we lower bound [u||3 in terms of wt(Z) and wt(0). Observe that for any fixed values of
wt(Z) and wt(O), the minimum of Hu||§ is attained by the vector w such that u; = Lwt(Z) for

each i € 7 and u; = mwt((’)) otherwise. This gives:
sum ofu% forieZ sum ofu? forie O
t(Z)\ 2 1—wt(Z))?
2 (VNS 1—wt(4) _
|wl3 > . an + = an (1—a)n (170)
wt(Z)?2 (1 —wt(T))?
= 4+
an (1 —a)n
- (@ (1w (2 (171)
an l—a))’

Combining (169) and (171):

=(1-2)?[[ull3~[lull3

2 2 2 wt(Z) = A?
lally = llulls = (=22 + X [ull 4221 = 0)=22 + = (172)
since (—2X+A2) <0 Y @ \2
< - — — —
< o <Wt(I) + (1 —wt(2)) = a) +2X(1—=\) ——t (173)

Rearranging (note that this part slightly differs from [37], but with the same conclusion):
A
Jul = o = 2 (20 (wt(@P + (1= wi@P L2 ) =20 - we@ -a) - am

S (e wrtl) e - gl) o

21—-X)  2(1-2))
(2—=X)  2(1—=X)+2A\

(%

observing <1l(for0<A<1)

and (21/\) <1< %T((}Z) (for 0 <wt(Z) < a<1)
S (@ i - I
SN (w0t - )
-2 _02)511__ ;V)t(z)) (—wt(Z)(1 — @) + (1 = wt(Z))a — A) (178)
>0
_ A2 _0[2)((11__;;“1)) (@ — wt(T) — N). (179)
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Now whenever wt(Z) < «, (o« — wt(Z) — X) > 0 for a sufficiently small A\. Thus we can choose a
small enough A > 0 such that Hu||§ - ||u,\|]§ > 0, which contradicts optimality of fi. [

Using Lemma 25 and Lemma 29 we can finally prove the correctness of Theorem 17. Let i be
. 2
a pseudo-distribution satisfying 7,  that minimizes HE,; [w]H . Such a pseudo-distribution exists
since the set contains at least the distribution with w; = 1 iff i € 7 and « = x°.
From Lemma 25, we have |I| ZzeI i lwil lvi — 2°|| < Omé\/[””. Let Z =37 ‘l‘%““] (this is a

normalization factor, such that Ezl[;‘l] is a valid pdf over the inliers, i.e., sums up to 1). By a rescaling,

we obtain:

Eh

1 anM,

Ny < = Z, 180
1€T
Using Lemma 29, Z > «. Therefore,
Eﬁi ;] 77Ma:

1€

Let ¢ € [n] be chosen with probability “ [WZ] . Then, we sample ¢ € 7 with probability Z > «.
By Markov’s inequality:

>a
[¢] o .
P([lvi —a®ll, <nMy) =P (|lvi — 2°(, <nM|i € T)-P(i € I) (182)
>a-P(||lv; —x°||, <nMyli € T) (183)
(]

E [X] — P(Xg(z)zl— E[X
a a

1 o
>a(1- L Berllo - <l =a< e Z L o H2> (180
using (181)

(18
/\ 1 nM, «
> = —. 1
N “ < nM, 2 ) 2 ( 85)

Markov’s inequality: P (X > a) <

So we concluded that P (|lv; —x°||, < nM;) > § (this is the probability that a single draw
satisfies ||v; — x°||, < nM,). Calling S (as in “success”) the event that ||Jv; — x°||, < nM,, we get
that the probability of S after m draws is:

failing m times
! N a\m
P(Sp)=1-(1—P(S)™>1— (1f§) (186)

Finally, choosing the number of draws m > %, we obtain
N

P(S)y)>1— (1—9)

5 (187)

which matches the first claim in Theorem 17.
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Now the final claim (i.e., the claim that (167) is satisfied with probability at least 0.99 for
a > 0.01 and N = 10) is just a particularization of (187) to the given choice of N. In particular, we

N
first observe that the probability of success 1 — (1 — %) « is a non-decreasing function of . Then

N
we note that the function f(a,N) £ 1 — (1 —$)* evaluated at « = 0.01 and N = 10 is such that

£(0.01,10) > 0.99, which concludes the proof.
|
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